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Abstract. In this paper, we prove that smooth projective curves admitting a squarefree
Gröbner degeneration have genus 0.

1. Introduction

Let S = K[X0, . . . , Xn] be a polynomial ring over a field K, and I ⊆ S an ideal. We say
that I is a Herzog ideal if there exists a monomial order < such that in<(I) is squarefree.
In this paper, we are interested in this property in the case that I is homogeneous (with
respect to the standard grading), so that we can consider the projective variety V(I) it
defines in Pn. We say that V(I) ⊆ Pn is a Herzog projective variety (with respect to the
given embedding) precisely if I ⊆ S is a Herzog ideal. It is also useful to call a projective
variety X a Herzog projective variety if it is a Herzog projective variety with respect to
some embedding.

The class of Herzog ideals/projective varieties is largely populated: It includes Grass-
mannians, generic, generic symmetric and generic Hankel determinantal varieties, generic
Pfaffian varieties, matrix Schubert varieties, rational normal scrolls, binomial edge ideals,
and many more. One motivation for studying this entire class simultaneously is described
by Herzog’s conjecture, resolved in [4], saying that the connection between I and in<(I) is
much tighter than usual if in<(I) is squarefree. Moreover, if K has positive characteristic,
there is a strong connection–still not completely understood–between Herzog ideals and
F-singularities; see [10].

The main result of this paper is the following theorem.

Theorem 1.1. A connected Herzog projective curve, smooth over K, has genus 0.

This answers, positively, a question raised in [4], and later conjectured in [5], in the
case of curves. This conjecture is equivalent to the following.

Conjecture 1.2. If X is a connected Herzog projective variety, smooth over K, then:

H0(X,OX) = K, H1(X,OX) = · · · = HdimX(X,OX) = 0.

Another point of view, which indeed is the one on which our proof is focused, is based
on the concept of Gröbner smoothability: an equivalent formulation of Theorem 1.1 is
that the only Gröbner smoothable graphs are trees. If one is interested only in finding a
smoothing (possibly not Gröbner), the story is completely different: a 4-cycle is obviously
smoothable, because its Stanley-Reisner ideal is a complete intersection–and in general,
many combinatorial manifolds are smoothable (see [1])–while according to Conjecture
1.2,- they are not Gröbner smoothable (see Proposition 2.1).

Remark 1.3. The coordinate ring of a projective Herzog variety is F-injective in positive
characteristic and DuBois in characteristic zero by [10, Corollary 4.11], using [11] for the
characteristic zero case. However, there are plenty of smooth projective curves of positive
genus with F-injective/DuBois coordinate rings, so Theorem 1.1 implies that the property
of being Herzog is much stronger than that of being F-injective/DuBois.
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Moreover, note that the implication “X reduced and connected =⇒ H0(X,OX) = K” is
not true in general if K is not algebraically closed. However, this implication is true if X
is additionally assumed to be a Herzog projective variety by [12].
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2. Notations and preliminary results

Let S = K[X0, . . . , Xn] be a polynomial ring over a field K, with the standard graded
structure; i.e., deg(Xi) = 1 for all 0 ≤ i ≤ n. Given a polynomial f ∈ S, we use supp(f)
to denote the set of monomials occurring in f with a nonzero coefficient. Let I ⊆ S be a
homogeneous Herzog ideal, and fix a monomial order < such that in<(I) is squarefree, so
that in<(I) = I∆ is the Stanley-Reisner ideal of a simplicial complex ∆ on the vertex set
[n]0 := {0, . . . , n}. In particular, note that I is radical. Let X = V(I) ⊆ Pn be the projective
variety defined by I. We can, and will, assume throughout that X0 > X1 > · · · > Xn.

As mentioned in the introduction, a question was raised in [4, Question 3.17] that was
later formulated as a conjecture in [5, Conjecture 2] that is equivalent to Conjecture 1.2.
We start with a result that implies that the two conjectures are indeed equivalent. Before

we proceed, recall that a simplicial complex Γ on [n]0 is acyclic over K if H̃i(Γ ;K) = 0 for

all 0 ≤ i ≤ dimX, where H̃∗ denotes reduced simplicial homology.

Proposition 2.1. With the above notation, if the Herzog projective variety X ⊆ Pn is
smooth over K, then the following are equivalent:

(1) S/I is a rational singularity if char(K) = 0 and F-rational if char(K) > 0.
(2) S/I is Cohen-Macaulay and has negative a-invariant.
(3) S/I∆ is Cohen-Macaulay and has negative a-invariant.
(4) ∆ is acyclic over K.
(5) H0(X,OX) = K and Hi(X,OX) = 0 for all 1 ≤ 1 ≤ dimX.

Proof. Note that, since X is smooth over K, S/I is generalized Cohen-Macaulay; namely
Hjm(S/I)` = 0 for all ` � 0 and j < dimS/I, where m = (X0, . . . , Xn) ⊆ S. Using [4,
Theorem 1.3], Hjm(S/I∆)` = 0 for all `� 0 and j < dimS/I = dimS/I∆ as well. But then,
since S/I∆ is a Stanley-Reisner ring, Hjm(S/I∆)` = 0 for all ` < 0 and j < dimS/I∆, and
so Hjm(S/I)` = 0 for all ` < 0 and j < dimS/I. Therefore we have

Hjm(S/I)` = H
j
m(S/I∆)` = 0 ∀ ` < 0, j < dimS/I = dimS/I∆.

(1) ⇐⇒ (2). This follows from Flenner’s criterion [7, Satz 3.1] if char(K) = 0 and its
positive characteristic analog [6] if char(K) > 0: in this case, the further assumption that
S/I is F-injective is true by [10, Corollary 4.11] since I ⊆ S is a Herzog ideal.

(2) =⇒ (5) follows becauseHi(X,OX) = Hi+1m (S/I)0 for all i > 0 and dimKH
0(X,OX) =

dimKH
1
m(S/I)0 + 1.

(5) =⇒ (4). This follows from [4, Theorem 1.3] and Hochster’s formula (see,
e.g., [2, Theorem 5.3.8]) since Hi(X,OX) = Hi+1m (S/I)0 for all i > 0, dimKH

0(X,OX) =

dimKH
1
m(S/I)0 + 1, and H̃i(∆;K) = Hi+1m (S/I∆)0.
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(4) =⇒ (3). Again using Hochster’s formula H̃i(∆;K) = Hi+1m (S/I∆)0 and Hjm(S/I∆)` =
0 for all j, ` > 0. Finally, we clearly have that H0m(S/I∆) = 0 obviously, so the discussion
at the beginning of the proof completes the argument.

(3) =⇒ (2) follows by semicontinuity. �

The formulation used in [4, 5] is (3), and that given in the introduction as Conjecture 1.2
is (6). To provide the proof in the curve case, we will use (5), with the aid of the following
definition: We say that Γ is Gröbner smoothable over K if there exists a homogeneous
ideal J ⊆ S and a monomial order < such that in<(J) = IΓ and V(J) ⊆ Pn is connected
and smooth over K.

Conjecture 2.2. If a d-dimensional simplicial complex Γ is Gröbner smoothable over K,
then Γ is acyclic over K.

To study the above conjecture, it is harmless to assume that K is algebraically closed:
indeed in<(I⊗K K) = in<(I)⊗K K, and X is smooth over K if and only if X×K K is smooth
over K (namely, it is nonsingular). As we will see, one can also assume that {v} ∈ ∆ for
any v ∈ [n]0, i.e., that I contains no linear forms:

Lemma 2.3. Given any d ∈ N, if Conjecture 2.2 is true for all d-dimensional simplicial
complexes ∆ such that {v} ∈ ∆ for all v ∈ [n]0, then it is true for any d-dimensional
simplicial complex.

Proof. Suppose that there exists v ∈ [n]0 such that {v} /∈ ∆. Then Xv ∈ I∆ = in<(I), so
there exists a linear form

` = Xv +
∑
i>v

λiXi ∈ I, λi ∈ K.

Consider S/`S ∼= K[Xj : j ∈ [n]0 \ {v}] =: S ′ and I ′ = I/`S ⊆ S ′. The only thing to
note is that in< ′(I ′), where < ′ is the obvious restriction of < to S ′, is still equal to
I∆, where now ∆ is considered on the vertex set [n]0 \ {v}: this can be seen because a
Gröbner bases of I remains a Gröbner bases after substituting Xv with −

∑
i>v λiXi, since

i > v ⇐⇒ Xv < Xi. Since S ′/I ′ ∼= S/I, it is harmless to assume that every v ∈ [n]0
belongs to ∆, or equivalently, that I does not contain any linear form. �

Our goal is to prove Conjecture 2.2 when d = 1, and in view of the above lemma, we
can assume that {v} ∈ ∆ for all v ∈ [n]0. Hence from now on, we will assume that:

(1) K is algebraically closed.
(2) ∆ is a 1-dimensional simplicial complex, namely, a graph.
(3) For all v ∈ [n]0, v is a vertex of ∆.

In [5], some evidence for the validity of Conjecture 2.2 was given. In particular, we will
use [5, Theorem 4.9], encompassed in the statement below, as a starting point. Note that
the point

P0 = [1 : 0 : · · · : 0] ∈ Pn

is necessarily a point of X. Recall that a vertex v of a graph ∆ is a free vertex if it belongs
to exactly one edge.

Theorem 2.4 (Cf. [5, Theorem 4.9]). With the above notation, assume that X ⊆ Pn is a
connected projective curve. Then P0 is a nonsingular point of X if and only if 0 is a free
vertex of the graph ∆.
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Proof. The“only if” statement comes from [5, Theorem 4.9]. The “if” part is easier:
let a ∈ [n] such that {0, a} is an edge of ∆, and g0j ∈ I polynomials with in<(g0j) =
X0Xj for any j ∈ [n] \ {a}. Complete the g0j’s to a system of generators of I, consider
the corresponding Jacobian matrix and its (n − 2)-submatrix corresponding to the rows
indexed by g0j and columns by Xj with j ∈ [n] \ {a}. When evaluating it at P0, such a
submatrix can be arranged to an upper triangular matrix with 1’s on the diagonal, so the
Jacobian matrix evaluated at P0 has rank n− 1; hence P0 is a nonsingular point of X by
the Jacobian criterion. �

Remark 2.5. The “only if” part of the above result is easy when < is the lexicographic
order: In this case, a monomial divisible by X0 is in the support of a polynomial f ∈ S
if and only if in<(f) is a multiple of X0, and no monomial divisible by X20 can be in the
support of a polynomial g ∈ I of the reduced Gröbner basis of I. Therefore, the Jacobian
matrix, computed with respect to the reduced Gröbner basis of I, evaluated at P0, has
exactly n − δ nonzero rows, where δ is the number of neighbors of 0. If < is not LEX,
the latter fact is not true, so one needs a more sophisticated argument in general, which
is given in [5].

As mentioned, we are going to use Theorem 2.4 as the starting point for our proof of
Conjecture 2.2 in dimension 1. To settle an inductive procedure, we need to introduce
the following recursive definition:

(1) Start with ` := 0 and A := ∅.
(2) Let W = [n]0 \A, and consider ∆W, the induced graph on W.
(3) If there exists a free vertex v of ∆W, let ` := `+ 1, A := A ∪ {v} and go to (2).

Otherwise, return `(∆) := `, A(∆) := A and W(∆) :=W as outputs.

It is easy to show that `(∆) is an invariant of the graph, namely that it does not depend
on the choice of the free vertices v in the recursion. The number `(∆) is indeed equal
to the maximum number of collapses that it is possible perform, starting from ∆. As it
turns out, `(∆) ≤ n, and equality holds if and only if ∆ is a tree. If ∆ is connected and
it is not a tree, A(∆) and W(∆) are invariants of ∆ as well.

Theorem 2.4 implies that X is singular when ∆ is a graph with `(∆) = 0. We will carry
out an inductive argument on `(∆) to prove that X is singular whenever `(∆) < n; this
will prove Conjecture 2.2 for curves.

Remark 2.6. Given a graph ∆, using the “VersalDeformations” package for Macaulay2
[8], we are able to write down all possible Gröbner deformations for ∆. In the case
that ∆ is not Gröbner smoothable, by analyzing the singularities of a generic Gröbner
deformation, we are able to pin down a special point in X that is always singular for
all Gröbner deformations. In the following section, we will show that if ∆ is not a tree
(`(∆) < n), then up to a change of variable preserving the initial ideal, we can always
show that Pa is a singular point of X, where a is the largest variable in W(∆).

3. Proof of the main result

We denote by mnf(∆) the set of minimal non-faces of ∆, namely,

mnf(∆) = {σ /∈ ∆ : τ ∈ ∆ ∀ τ ( σ}.
Note that, since {v} ∈ ∆ for all v ∈ [n]0 and ∆ is a graph, if σ ∈ mnf(∆), then |σ| ∈ {2, 3}.

For all σ ⊆ [n]0, let Xσ :=
∏

i∈σ Xi. We have that I∆ = (Xσ : σ ∈ mnf(∆)). For each
minimal non-face σ of ∆, let gσ ∈ I be a homogeneous (quadratic or cubic, depending on
|σ|) polynomial such that in<(gσ) = Xσ. The set

G = {gσ ∈ S : σ ∈ mnf(∆)}
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is a Gröbner basis of I. Sometimes, if σ = {i, j}, we will write gij for gσ. We will not
assume that G is reduced, since for some arguments, we will perform some change of
variables after which the property of being reduced may be lost. However, we will need
the following weaker, but easier to control, notion:

Definition 3.1. We say that a Gröbner basis f1, . . . , fm ∈ S is 0-reduced if in<(fi) /∈
supp(fj) for all i 6= j such that X0| in<(fi).

Lemma 3.2. Assume that 0 is a free vertex of ∆ and that G is 0-reduced. Then, for all
g ∈ G, in<(g) ∈ K[X1, . . . , Xn] =⇒ g ∈ K[X1, . . . , Xn]. Hence the set G ′ = {gσ ∈ S : σ ∈
mnf(∆), 0 /∈ σ} is Gröbner basis of the ideal I ′ = I ∩ K[X1, . . . , Xn].

Proof. Let b ∈ [n] be the only vertex such that {0, b} ∈ ∆. Since G is 0-reduced, it is
enough to show that

P(σ) : X20, X0Xb, X
3
0, X

2
0Xb, X0X

2
b /∈ supp(gσ)

when σ ⊆ [n] is a minimal non-face of ∆. Note that the fact that X20, X
3
0 /∈ supp(gσ) for

each σ ∈ mnf(∆) is trivial. We introduce, for σ ∈ mnf(∆), the following property:

P ′(σ) : X0Xb, X
2
0Xb /∈ supp(gσ).

If α and β are minimal non-faces of ∆, we write α ≺ β if:

|α| = |β| and Xα < Xβ or |α| < |β| and X0Xα < Xβ or |α| > |β| and Xα < X0Xβ.

Let τ ∈ mnf(∆) such that X20Xb ∈ supp(gτ), but P ′(σ) holds whenever when σ ⊆ [n] is
a minimal non-face of ∆ such that σ ≺ τ. Then τ = {i, j, k} with 0 < i < j < k < b. In
particular {0, k} ∈ mnf(∆), so we can consider the S-polynomial between g0k and gτ:

f = XiXjg0k − X0gτ ∈ I.
Note that X30Xb ∈ supp(f). On the other hand, one should be able to reduce f modulo G:

f =
∑

σ∈mnf(∆)

qσgσ with in<(qσgσ) < X0XiXjXk,

where qσ are quadrics if |σ| = 2 and linear forms if |σ| = 3. In particular, there should
exist σ ∈ mnf(∆) such that X30Xb is in the support of qσgσ and in<(qσgσ) < X0XiXjXk.

(1) If |σ| = 3, since X30 /∈ supp(gσ), the only possibility is that in<(qσ) = X0 and
X20Xb ∈ supp(gσ). But the latter condition implies that σ � τ, and so

in<(qσgσ) = X0 in<(gσ) ≥ X0 in<(gτ) = X0XiXjXk,

a contradiction
(2) If |σ| = 2, since X20 /∈ supp(gσ), in<(qσ) = X

2
0 and X0Xb ∈ supp(gσ).

(a) If 0 /∈ σ, X0Xb ∈ supp(gσ) =⇒ σ � τ, and so

in<(qσgσ) = X
2
0 in<(gσ) ≥ X0 in<(gτ) = X0XiXjXk,

a contradiction
(b) If 0 ∈ σ, say σ = {0, q}, then reducing f at a certain point, a term of the type

X30Xq, with q 6= b, will occur. But this is impossible, because

f = λX30Xb + X
2
0g+ X0h+ r

where λ ∈ K and g, h, r ∈ K[X1, . . . , Xn], and reducing it, the only possibly
new occurring term divisible by X30 is X30Xb since G is 0-reduced. So at each
step the reduction of f will have the form f ′ = λ ′X30Xb + X

2
0g
′ + X0h

′ + r ′

where λ ′ ∈ K and g ′, h ′, r ′ ∈ K[X1, . . . , Xn].
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Next, let τ ∈ mnf(∆) such that X0Xb ∈ supp(gτ), but P ′(σ) holds whenever σ ⊆ [n] is a
minimal non-face of ∆ such that σ ≺ τ. Then τ = {i, j} with 0 < i < j < b. In particular,
{0, j} ∈ mnf(∆), so we can consider the S-polynomial f between g0j and gτ, namely

f = Xig0j − X0gτ ∈ I.
Note that X20Xb ∈ supp(f). On the other hand, one should be able to reduce f modulo G:

f =
∑

σ∈mnf(∆)

`σgσ with in<(`σgσ) < X0XiXj,

where `σ are linear forms if |σ| = 2 and scalars if |σ| = 3. In particular, there should exist a
minimal non-face σ of ∆ such that X20Xb is in the support of `σgσ and in<(`σgσ) < X0XiXj.

(1) If |σ| = 3, then X20Xb ∈ supp(`σgσ) = supp(gσ). Then σ � τ, and so

in<(`σgσ) = in<(gσ) ≥ X0 in<(gτ) = X0XiXj,

a contradiction
(2) If |σ| = 2, since X20 /∈ supp(gσ), in<(`σ) = X0 and X0Xb ∈ supp(gσ).

(a) If 0 /∈ σ, X0Xb ∈ supp(gσ) =⇒ σ � τ, and so

in<(`σgσ) = X0 in<(gσ) ≥ X0 in<(gτ) = X0XiXj,

a contradiction
(b) If 0 ∈ σ, say σ = {0, q}, then reducing f at a certain point a term of the type

X20Xq, with q 6= b, will occur. But this is impossible, because

f = λX20Xb + X0g+ h

where λ ∈ K and g, h ∈ K[X1, . . . , Xn], and reducing it, the only possibly new
occurring term divisible by X20 is X20Xb since G is 0-reduced. So at each step,
the reduction of f will be of the form f ′ = λ ′X20Xb + X0g

′ + h ′, where λ ′ ∈ K
and g ′, h ′ ∈ K[X1, . . . , Xn].

Hence P ′(σ) holds for any minimal non-face σ ⊆ [n] of ∆.

Finally, let τ ∈ mnf(∆) such that X0X
2
b ∈ supp(gτ), but X0X

2
b /∈ supp(gσ) whenever

σ ⊆ [n] is in mnf(∆) and Xσ < Xτ. Then τ = {i, j, k} with 0 < i < j < b, k. In particular,
{0, j} ∈ mnf(∆), so we can consider the S-polynomial between g0j and gτ:

f = XiXkg0j − X0gτ ∈ I.
Note that X20X

2
b ∈ supp(f). On the other hand, one should be able to reduce f modulo G:

f =
∑

σ∈mnf(∆)

qσgσ with in<(qσgσ) < X0XiXjXk.

where qσ are quadrics if |σ| = 2 and linear forms if |σ| = 3. In particular there should
exist σ ∈ mnf(∆) such that X20X

2
b is in the support of qσgσ and in<(qσgσ) < X0XiXjXk.

(1) If |σ| = 3, since X30, X
2
0Xb /∈ supp(gσ), the only possibility is that in<(qσ) = X0 and

X0X
2
b ∈ supp(gσ). But the latter condition implies that Xσ ≥ Xτ, and so

in<(qσgσ) = X0 in<(gσ) ≥ X0 in<(gτ) = X0XiXjXk,

a contradiction.
(2) If |σ| = 2 and 0 /∈ σ, since X20, X0Xb /∈ supp(gσ), in<(qσ) = X

2
0 and X2b ∈ supp(gσ).

Then reducing f at a certain point, a term of the type X20Xσ will occur. But this
is impossible, because

f = λX20X
2
b + X0g+ h,
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where λ ∈ K and g, h ∈ K[X1, . . . , Xn], and reducing it, the only possibly new
occurring term divisible by X20 is X20X

2
b since G is 0-reduced and P ′(σ) holds for

any minimal non-face σ ⊆ [n] of ∆. So at each step, the reduction of f will be of
the form f ′ = λ ′X20X

2
b + X0g

′ + h ′, where λ ′ ∈ K and g ′, h ′ ∈ K[X1, . . . , Xn].
(3) If |σ| = 2 and 0 ∈ σ, say σ = {0, q}; since X20 /∈ supp(gσ) there are two possibilities:

in<(qσ) = X
2
0 and X2b ∈ supp(gσ) or in<(qσ) = X0Xb and X0Xb ∈ supp(gσ). Then

reducing f at a certain point, a term of the type X30Xq (in the first case) or X20XbXq
(in the second case) will occur, and both situations are impossible, arguing as in
the previous point.

�

Assume that 0 is a free vertex of ∆ and that G is 0-reduced. The above lemma implies
that if S ′ = K[X1, . . . , Xn] and I ′ = I ∩ S ′ ⊆ S ′, then

G ′ = {gσ ∈ S : σ ∈ mnf(∆), σ ⊆ [n]}

is a Gröbner basis of I ′. Geometrically, I ′ defines the closure X ′ of the projection of X
from the point P0 = [1 : 0 : . . . : 0] ∈ Pn to the hyperplane H0 = {X0 = 0} ∼= Pn−1. It
is necessary to take the closure because P0 is (clearly) a point of X and the projection
π : Pn \ {P0}→ H0 is not defined at P0.

For every integer 0 ≤ a ≤ n, let Pa denote the point of Pn = ProjS with the only
nonzero entry in the a-th position; similarly, for all 1 ≤ b ≤ n, let P ′b denote the point of
Pn−1 = ProjS ′ with the only nonzero entry in the b-th position.

Lemma 3.3. Assume that 0 is a free vertex of ∆. If, for some a ∈ [n] such that P ′a ∈ X ′
there exists j ∈ [n] with X0Xa ∈ supp(g0j) (if {0, a} /∈ ∆ the latter condition is automat-
ically satisfied by taking j = a), then there exists a unique Q ∈ X such that π(Q) = P ′a.
Furthermore, Q is singular if and only if P ′a is singular.

Proof. First of all, we need to show that P ′a ∈ π(X) ⊆ X ′. The only way in which
P ′a ∈ X ′ \π(X) can happen is if Pa belongs to the tangent space of X at P0. Such a tangent
space is defined by the linear forms:

`σ =

n∑
k=1

∂gσ

∂Xk
(P0)Xk, σ ∈ mnf(∆).

If j ∈ [n] is such that X0Xa occurs with nonzero coefficient λ ∈ K in g0j, then

`0j(Pa) = λ 6= 0.
Hence P ′a is actually in π(X). Moreover, if P,Q ∈ X are such that π(P) = π(Q) = P ′a,
from g0j(P) = g0j(Q) = 0 we deduce that P = Q = [µ : 0 : . . . : 0 : 1 : 0 : . . . : 0] ∈ Pn with
1 at the a-th entry and µ = −α/λ, where α is the coefficient of X2a in g0j. Hence there
exists a unique Q ∈ X such that π(Q) = P ′a.

Of course, if Q is singular, then π(Q) = P ′a is also singular. On the other hand, suppose
that Q is nonsingular. To show that π(Q) = P ′a is nonsingular, it is enough to check that
P0 is not in the tangent space of X at Q. But one of the equations cutting out this tangent
space is

q0j =
∂g0j

∂X0
(Q)(X0 − µXa) +

n∑
k=1
q 6=a

∂g0j

∂Xk
(Q)Xk,

Since q0j(P0) =
∂g0j

∂X0
(Q) = λ 6= 0, P0 does not belong to the tangent space of X at Q. �

Theorem 3.4. If X is a nonsingular connected curve, then ∆ is a tree.
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Proof. The fact that ∆ is a connected graph follows by [9]. To prove that ∆ is a tree,
we will prove that `(∆) = n. Theorem 2.4 implies that `(∆) > 0, and we will prove by
induction on `(∆) that X is singular if `(∆) < n.

Assume by contradiction that ∆ is not a tree, and let a ∈ [n] be the smallest vertex
belonging to W(∆), so that Xa > Xi whenever i 6= a belongs to W(∆). We want to show
that either X is reducible or there is a change of variables preserving in<(I) so that Pa is
a singular point of X.

By Theorem 2.4, 0 belongs to a unique edge of ∆. So, assuming that G is 0-reduced
(if not, 0-reduce it), we are in the situation of Lemma 3.2. Let S ′ = K[X1, . . . , Xn], I

′ =
I∩S ′ ⊆ S ′, G ′ = {gσ ∈ S ′ : σ ⊆ [n], σ ∈ mnf(∆)} a Gröbner basis of I ′, X ′ = V(I ′) ⊆ Pn−1
the closure of the projection of X\{P0} from P0, <

′ the restriction of < to S ′, and ∆ ′ = ∆[n].
Note that in< ′(I ′) = I∆ ′ , `(∆ ′) = `(∆) − 1 and W(∆ ′) = W(∆). If X ′ is reducible, then
X must be reducible as well. Hence we can assume that X ′ is irreducible, so we know by
induction that (there exists a change of variables in S ′ preserving in< ′(I ′) under which)
P ′a is a singular point of X ′.

Case I: There exists j ∈ [n] with X0Xa ∈ supp(g0j): In this situation, by Lemma
3.3, there exists a point Q ∈ X of the form Q = [µ : 0 : . . . : 0 : 1 : 0 : . . . : 0] at which X is
singular, contradicting the fact that X is smooth. To preserve the inductive hypothesis,
we make a change of variables of the form X0 7→ X0 − µXa that will preserve in<(I) and
make Pa a singular point of X.

Case II: X0Xa /∈ supp(g0j) for all j ∈ [n] \ {a}: We want to show in this case that X is
reducible, contradicting the fact that it is nonsingular and connected. Toward this goal,
we will prove that, up to a change of variables preserving the initial ideal, no monomials
of K[X0, Xa] belong to supp(gσ) for any minimal non-face σ of ∆. Hence the whole line
P0Pa would be contained in the curve X, so that it would not be irreducible. It turns out
that it is enough to prove that X2a /∈ supp(g0j) for all j ∈ [n] \ {a}.

Let 0 = a0 < a1 < a2 < . . . < ak be the neighbors of a, and note that k ≥ 2.
Step 1: For any c ∈ [n] such that {a, c} /∈ ∆, perform a change of variables of the form

Xc 7→ Xc −

k∑
r=1

λcrXar ,

where XaXar occurs in gac with coefficient λcr ∈ K. Note that if λcr 6= 0, we must have
Xc > Xar , so this change of variables preserves in<(I). Let us 0-reduce the transformed
Gröbner basis. As one can check, we have:

(1) X0Xa /∈ supp(gσ) for any minimal non-face σ of ∆.
(2) For any c ∈ [n] such that {a, c} /∈ ∆, XaXar /∈ supp(gac) for all r ∈ [k].
(3) X2a /∈ supp(gσ) for any minimal non-face σ ⊆ [n] of ∆.

We denote by A0 the set {{a, c} /∈ ∆ : c ∈ [n]}.

Step 2: If, by contradiction, there exists j ∈ [n] such that X2a ∈ supp(g0j), define a
sequence b1, . . . , bk−1 as follows:

br =

{
ar if j /∈ {a1, . . . , ak−1} or ar < j

ar+1 if j ∈ {a1, . . . , ak−1} and ar ≥ j

In the support of the S-polynomial S(g0j, g0b1) ∈ K[X1, . . . , Xn], there will be X2aXb1 . Since
the polynomials gσ, where σ ∈ mnf(∆) form a Gröbner basis, S(g0j, g0b1) must reduce
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to zero modulo them. By the properties listed in Step 1, the only way for X2aXb1 to be
canceled is if there exists a minimal non-face σ1 ⊆ [n] of ∆ which is not in A0 and so that
XaXb1 (or X2aXb1 , depending on whether |σ1| = 2 or |σ1| = 3) belongs to supp(gσ−1). We
perform a change of variables of the form

Xb1 7→ Xb1 −

k−1∑
r=2

µ1r

µ11
Xbr

where XaXbr (or X2aXbr) occurs in gσ1 with coefficient µ1r ∈ K. As before, this change of
variables preserves in<(I). We 0-reduce the new Gröbner basis, note that all the properties
listed at the end of Step 1 are preserved and that, calling A1 = A0 ∪ {σ1}:

(∗) For r ∈ {2, . . . , k− 1}, XaXbr , X
2
aXbr /∈ supp(gσ) ∀ σ ∈ A1.

Next, in the support of the S-polynomial S(g0j, g0b2) ∈ K[X1, . . . , Xn], there will be
X2aXb2 . Reducing it to zero modulo G, as before the only way for X2aXb2 to be canceled is
if there exists a minimal non-face σ2 ⊆ [n] of ∆ that is not in A1, and so that XaXb2 (or
X2aXb2 , depending on |σ2|) belongs to supp(gσ2). We do a change of variables of the form

Xb2 7→ Xb2 −

k−1∑
r=3

µ2r

µ22
Xbr

where XaXbr (or X2aXbr) occurs in gσ2 with coefficient µ2r ∈ K. As before, this change of
variables preserves in<(I). We 0-reduce the new Gröbner basis, note that all the properties
listed at the end of Step 1 are preserved and that, calling A2 = A1 ∪ {σ2}:

(∗∗) For r ∈ {3, . . . , k− 1}, XaXbr , X
2
aXbr /∈ supp(gσ) ∀ σ ∈ A2.

We can continue this way to get a subset Ak−1 = A0 ∪ {σ1, σ2, . . . , σk−1} ⊆ mnf(∆ ′) of
cardinality n− 2 and a Gröbner basis {gσ : σ ∈ mnf(∆)} with the following properties:.

(1) For all {a, c} /∈ ∆, the only monomial divisible by Xa in the support of gac is XaXc.
(2) For all r = 1, . . . , k−1, the only monomials of degree 2 divisible by Xa or of degree

3 divisible by X2a potentially in the support of gσr are XaXbj or X2aXbj (depending

on whether |σr| = 2 or |σr| = 3) with j ≤ r, and XaXbr or X2aXbr belong for sure in
the support of gσr .

(3) X2a, X
3
a /∈ supp(gσ) for any minimal non-face σ ⊆ [n] of ∆.

Step 3: Consider the Jacobian matrix of I ′ = (gσ : σ ∈ mnf(∆ ′)}) = I ∩ K[X1, . . . , Xn]
with rows indexed by the minimal non-faces σ ⊆ [n] of ∆ and with columns 1, . . . , n.
Choose the minor corresponding to the rows gσ with σ ∈ Ak−1 and the columns cor-
responding to the variables Xc and Xbr for r = 1, . . . , k − 1. Such a minor can be ar-
ranged into a lower triangular matrix of size (n − 2) × (n − 2) with nonzero entries on
the diagonal. This contradicts the fact that, by the inductive hypothesis on `(∆), since
`(∆ ′) = `(∆) − 1 < n, P ′a is a singular point in the projection X ′. �

Corollary 3.5. A connected projective Herzog curve, smooth over a field, has genus 0.
Equivalently, a graph that is Gröbner smoothable over some field must be a tree.

Example 3.6. Let I ⊆ S the ideal of 2-minors of the matrix(
X0 X1 X2 · · · Xn−1
X1 X2 X3 · · · Xn

)
.
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Then X = V(I) ⊆ Pn is a rational normal curve of degree n. If < is the lexicographic
order with X0 > X1 > · · · > Xn, then in<(I) = (XiXj+1 : 0 ≤ i < j ≤ n − 1), so
in<(I) = I∆, where ∆ is a path of length n. It is not difficult to check that all the different
initial ideals of I are not squarefree, see [3, Theorem 4.9] for a description of all possible
Cohen-Macaulay initial ideals of I. Since the rational normal curve is the only normally
embedded projective curve smooth over an algebraically closed field of genus 0, exploiting
Corollary 3.5, one might think that the only Gröbner smoothable graphs are the paths.

Unfortunately, this is not true, because initial ideals depend on changes of coordinates.
As an example, consider the ideal J ⊆ K[X0, X1, X2, X3] generated by the 2 × 2-minors of
the matrix (

X1 + X2 + X3 X1 + X3 X1
X1 + X3 X1 X0 + X1

)
.

As one can check, for any monomial order with X0 > X1 > X2 > X3 we have in<(J) =
(X0X1, X0X2, X1X2) (over any field K), i.e. in<(J) = I∆ where ∆ the tree with edges
03, 13, 23–namely, a star.

We do not know which trees are Gröbner smoothable. Also, whether a Gröbner smooth-
ing exists may depend, in principle, on the field K.
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[8] Grayson, D. Macaulay2, a software system for research in algebraic geometry.
[9] Kalkbrener, M., and Sturmfels, B. Initial complexes of prime ideals. Adv. Math. 116, 2 (1995),

365–376.
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