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ABSTRACT. In this paper we prove that nearly Gorenstein Stanley–Reisner rings of dimension at least 3
are indeed Gorenstein. By previous work of the first author this yields a complete characterization of nearly
Gorenstein Stanley–Reisner rings. We also show that a Cohen–Macaulay Stanley–Reisner ring is Gorenstein
on the punctured spectrum if and only if either it is nearly Gorenstein or its canonical trace is the square of
its irrelevant maximal ideal, and that the latter case happens exactly for non–orientable homology manifolds.

1. INTRODUCTION

The trace of the canonical module tr(ωR) of a Cohen–Macaulay local (or graded) ring R, describes
the non-Gorenstein locus of the corresponding algebraic variety ([16, Lemma 6.19] or [17, Lemma 2.1]),
sparking active research on the “canonical trace” in recent years ([6,7,9,10,17–19]). Of particular interest
is the class of Cohen–Macaulay rings R whose canonical trace contains the irrelevant maximal ideal MR,
a subclass of rings that are Gorenstein on the punctured spectrum. These rings, reintroduced as “nearly
Gorenstein rings” by Herzog, Hibi and Stamate in [17], have since become a focal point of study, with
numerous works exploring their properties across various contexts (see [2, 5, 8, 15, 19–24, 29–31, 33]).

In particular, nearly Gorenstein Stanley–Reisner rings arising from simplicial complexes of low dimen-
sions were investigated in [28, Section 4]. In conclusion, the study by [28] prompts the following question:
“Is nearly Gorensteinness equivalent to Gorensteinness for Cohen–Macaulay Stanley–Reisner rings of di-
mension three or higher?”. In this paper, we classify the canonical trace of Stanley–Reisner rings that are
Gorenstein on the punctured spectrum. In doing so, we affirmatively resolve the aforementioned question.

Theorem A. Let ∆ be a simplicial complex, R= k[∆] be the Stanley–Reisner ring of ∆ over a field k, and
assume that R is Cohen–Macaulay. The following statements hold:

(X) R is Gorenstein on the punctured spectrum if and only if tr(ωR) =Mi
R for some i ∈ {0,1,2}.

(Y) The following conditions are equivalent:
(1) tr(ωR) =MR, that is, R is nearly Gorenstein but not Gorenstein;
(2) ∆ is isomorphic either to a disjoint union of n> 3 vertices or to a path of length n> 3.

(Z) The following conditions are equivalent:
(1) tr(ωR) =M2

R, that is, R is Gorenstein on the punctured spectrum but not nearly Gorenstein;
(2) ∆ is a non-k-orientable k-homology manifold.
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Note that the above theorem implies that, if k has characteristic 2, a Cohen–Macaulay Stanley–Reisner
ring is Gorenstein on the punctured spectrum if and only if it is nearly Gorenstein. Furthermore, in any
characteristic, if dim(∆)> 2 and k[∆] is Gorenstein on the punctured spectrum, then either it is Gorenstein
or ∆ is a k-homology manifold (for this statement the Cohen–Macaulay assumption can be replaced by
the weaker condition that ∆ is connected, see Corollary 2.9).

In the proof of our main result, we elucidate the relationship between level rings ([34])—one of the
earliest generalizations of Gorenstein rings in the context of graded rings—and rings that are Gorenstein
on the punctured spectrum. The interplay of the class of almost Gorenstein rings ([12]) with the one
of nearly Gorenstein rings has been explored in works such as [27, 28, 32]. For instance, in the case of
standard graded affine semigroup rings, it has been shown that the intersection of nearly Gorenstein and
almost Gorenstein rings includes only a small subset of non-Gorenstein examples (see [27, Theorem 6.1]).
Building on these insights, we establish as a consequence of this study that a similar phenomenon occurs
for Stanley–Reisner rings, further enriching our understanding of these generalizations.

Theorem B. The following statements hold:

(X) Every Stanley–Reisner ring that is Gorenstein on the punctured spectrum is level.
(Y) Let ∆ be a simplicial complex and assume that R= k[∆] is Cohen–Macaulay and not Gorenstein.

Then the following conditions are equivalent:
(1) R is Gorenstein on the punctured spectrum and almost Gorenstein;
(2) R is nearly Gorenstein and almost Gorenstein;
(3) R is nearly Gorenstein;
(4) ∆ is isomorphic either to a disjoint union of n> 3 vertices or to a path of length n> 3.

Outline. The outline of this paper is as follows: Proposition 2.8 and Propositions 3.4, 3.9 play a fun-
damental role in the proof of our main theorem. In Section 2, we introduce several key definitions of
simplicial complexes that are central to our arguments and prove Proposition 2.8. Then, in Section 3, we
utilize Gräbe’s description of canonical modules of Stanley–Reisner rings to establish Propositions 3.4,
3.9, thereby completing the proofs of the described results.

2. STANLEY–REISNER RINGS WHICH ARE GORENSTEIN ON THE PUNCTURED SPECTRUM

The purpose of this section is to lay the groundwork for the discussions of our main results and to
establish Proposition 2.8. Throughout this paper, we denote the set of nonnegative integers by N and the
set of integers by Z. Moreover, for a Noetherian positively graded ring R =

⊕
i>0Ri, we always assume

that R0 is a field. In this context, notice that every Noetherian positively graded ring R has a unique graded
maximal ideal MR and admits a graded canonical moduleωR. Let aR denote the a-invariant of R. Notice
that aR =−min{j : (ωR)j 6= 0}. For a Z-graded R-moduleM, let trR(M) denote the sum of ideals φ(M)

with φ ∈ Hom∗R(M,R) :=
⊕
i∈Z HomiR(M,R) (note that Hom∗R(M,R) = HomR(M,R) if M is finitely

generated). That is,
trR(M) =

∑
φ∈Hom∗R(M,R)

φ(M)

where HomiR(M,R) = {φ ∈ HomR(M,R) : φ(Mk)⊆ Rk+i for any k ∈ Z}. When there is no risk of con-
fusion about the ring we simply write tr(M). It is known that tr(ωR) describes the non-Gorenstein locus
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if R is Cohen–Macaulay (see [16, Lemma 6.19] or [17, Lemma 2.1]). On the other hand, even if R is
a Noetherian ring such that dim(R/p) = dim(R) for every minimal prime ideal p of R, it is known that
tr(ωR) describes the non-quasi-Gorenstein locus of R ([1, Corollary 3.4]). Building on these observations,
this paper also frequently addresses the canonical trace of non-Cohen–Macaulay Noetherian rings. We say
that R is Gorenstein on the punctured spectrum if Rp is Gorenstein for every graded prime ideal p of R
with p 6=MR. Note that this definition does not require R itself to be Cohen–Macaulay. In the following
three definitions we assume that R is Cohen–Macaulay.

Definition 2.1. We say that R is nearly Gorenstein [17] if tr(ωR)⊇MR. It is known that R is Gorenstein
on the punctured spectrum Spec(R) \ {MR} if and only if

√
tr(ωR) ⊇MR (see [17, Lemma 2.1]). In

particular, every nearly Gorenstein ring is Gorenstein on the punctured spectrum.

Below, we introduce the definitions of level rings and almost Gorenstein (graded) rings, which are other
generalizations of Gorenstein graded rings.

Definition 2.2. We say that R is level ([34]) if ωR is generated in a single degree. Equivalently the socle
of an Artinian reduction of R is concentrated in a single degree.

We say that R is almost Gorenstein ([12, Section 10]) if there exists an R-monomorphism φ : R ↪→
ωR(−aR) of degree 0 such that C := coker(φ) is either the zero module or an Ulrich R-module, i.e. C
is Cohen–Macaulay (which in this case is automatic) and µ(C) = e(C). Here, µ(C) (resp. e(C)) denotes
the number of elements in a minimal generating system of C (resp. the multiplicity of C with respect to
MR) andωR(−aR) is the graded R-module having the same underlying R-module structure asωR, where
[ωR(−aR)]n = [ωR]n−aR for all n ∈ Z.

The following notion plays an important role in the proof of Proposition 3.9.

Definition 2.3 ([11]). Suppose that R is not Gorenstein. R is said to be of Teter type if there exists a
graded R-homomorphism φ :ωR→ R such that trR(ωR) = φ(ωR). It is known that if R is generically
Gorenstein (e.g. reduced), then R is not of Teter type (see [11, Theorem 2.1]).

Next, we summarize the terminology related to Stanley–Reisner rings that is necessary for this paper.
Let S= k[x1, . . . ,xn] be a polynomial ring in n variables over a field k equipped with the standard grading
deg(xi) = 1 for any i= 1, . . . ,n.

Recall that, given a simplicial complex ∆ on n vertices, the Stanley–Reisner ideal I∆ ⊆ S is the ideal
generated by the monomials xi1xi2 · · ·xis such that {i1, . . . , is} /∈ ∆. This association yields a bijection
between simplicial complexes on n vertices and squarefree monomial ideals of R. The quotient k[∆] =

S/I∆ is called the Stanley–Reisner ring of ∆. Let us remind that the dimension of σ ∈∆ is dimσ= |σ|−1
and the dimension of ∆ is dim∆ = max{dimσ : σ ∈ ∆}. We say that σ ∈ ∆ is an i-face of ∆ if dimσ = i.
A face of ∆ maximal by inclusion is called a facet. We write F(∆) for the set of facets of ∆, and say that
∆ is pure if dimσ = dim∆ for any σ ∈ F(∆). A simplicial complex ∆ is strongly connected if, for any
σ,τ ∈ F(∆) there exist σ0,σ1,σ2, . . . ,σk ∈ F(∆) such that σ0 = σ, σk = τ and dimσi∩σi−1 = dim∆−1
for all i = 1, . . . ,k. Notice that a strongly connected simplicial complex is necessarily pure. Given a face
σ ∈ ∆, its star, costar and link are the following simplicial complexes:

st∆σ= {τ ∈ ∆ : τ∪σ ∈ ∆},
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cost∆σ= {τ ∈ ∆ : τ 6⊇ σ},

lk∆σ= {τ ∈ ∆ : τ∪σ ∈ ∆ and τ∩σ= ∅}.

Notice that lk∆σ= st∆σ∩ cost∆σ. A face τ ∈ ∆ is a cone if τ ∈ σ for any σ ∈ F(∆).
A simplicial complex ∆ is called normal if lk∆σ is connected for any i-face with i6 dim∆−2. Since

dim∅ = −1 and lk∆∅ = ∆, a normal simplicial complex of dimension at least 1 is connected. It turns out
that, if ∆ is normal, then lk∆σ (equivalently st∆σ) is strongly connected for all σ ∈∆ (see [4, Proposition
11.7]). In particular a normal simplicial complex is pure. Indeed, it is known that ∆ is normal if and only
if k[∆] satisfies Serre’s condition (S2). We say that a d-dimensional simplicial complex ∆ is:

• a k-homology sphere if for any σ ∈ ∆, we have

H̃i(lk∆(σ),k) =

k, if i= dim(lk∆(σ)),

0, otherwise.
−(∗)

• a k-homology manifold (without boundary) if ∆ is connected and (∗) holds for any σ ∈ ∆ such
that σ 6= ∅.
• a pseudomanifold if it is strongly connected and any (d−1)-face is contained in exactly two facets

(which means that the equation (*) below holds when σ is a facet of ∆).

Given a simplicial complex∆, by a classical theorem of Hochster k[∆] is Gorentein if and only if lk∆(σ) is
a k-homology sphere, where σ is the cone face of ∆maximal by inclusion (e.g. see Theorem 5.6.1 of [3]).
As a last piece of notation, we say that a d-dimensional pseudomanifold ∆ is orientable if Hd(∆;Z) 6= 0,
and that is k-orientable if Hd(∆;k) 6= 0.

Remark 2.4. Note that the link of a pseudomanifold might fail to be a pseudomanifold (since it might be
not strongly connected, think at a pinched torus), for this reason sometimes it is more natural to consider
normal pseudomanifolds. Furthermore notice that ∆ is a k-homology manifold if and only if lk∆v is a
homology sphere for any vertex v of ∆.

The following is well-known, we include a proof for the convenience of the reader:

Lemma 2.5. Let ∆ be a d-dimensional pseudomanifold. Then:

(1) ∆ is orientable if and only if H̃d(∆;Z) ∼= Z.
(2) ∆ is orientable if and only if H̃d(∆;k) ∼= k.
(3) The following are equivalent:

(a) ∆ is orientable.
(b) ∆ is k-orientable for any field k.
(c) ∆ is k-orientable for some field k of characteristic different from 2

(4) If k has characteristic 2, ∆ is k-orientable.

Proof. If d6 0 the statement is obvious, so we assume d> 1, in which case, for any unitary commutative
ring R, H̃d(∆;R) ∼= Hd(∆;R). For all i = −1, . . . ,d, let Fi(R) be the free R-module with basis 1σ where
σ is an i-face of ∆. Then Hd(∆;R) is the kernel of the map of R-modules ∂ : Fd(R)→ Fd−1(R) defined
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by ∂(1σ) =
∑d
k=0(−1)k1σ\{ak} where σ= {a0 < . . .< ad} ∈ ∆. Consider a nonzero cycle

v=
∑

α∈F(∆)

aα1α ∈ ker(∂)⊆ Fd(R),

where aα ∈ R. Since v 6= 0, there exists α∈F(∆) such that a := aα 6= 0. We want to show that there exists
a function s : F(∆)→ {+1,−1} such that aβ = s(β)a for all β ∈ F(∆). Once this is proved, we have that
v= aw where w=

∑
β∈F(∆) s(β)1β ∈ ker(∂)⊆ Fd(R), so ker(∂) is the cyclic R-module wR⊂ Fd(R).

Put X1 = {α} and assume to having constructed a set Xr consisting of r facets of ∆ such that the
function s is defined on Xr and aγ = s(γ)a for all γ ∈ Xr. If Xr = F(∆) we are done. Otherwise, let
β= {j0, . . . , jd} ∈ F(∆)\Xr be such that there is γ= {i0, . . . , id} ∈ Xr with γ∩β= γ\{ik}= β\{jh}=: ξ

(such a β exists because∆ is strongly connected). Since γ and β are the only two facets of∆ containing ξ,
if ∂(v) =

∑
µbµ1µ (where the summation runs over the (d−1)-faces µ ∈ ∆), then bξ = (−1)ks(γ)a+

(−1)haβ. Since ∂(v) = 0, bξ must be 0, i.e. aβ = (−1)k+h+1s(γ)a. So we put s(β) = (−1)k+h+1s(γ)

and set Xr+1 = Xr∪ {β}. Since ∆ is strongly connected, continuing this way we conclude.
It follows that, for any unitary commutative ring R, H̃d(∆;R) 6= 0 if and only if H̃d(∆;R) ∼= R. So (1)

and (2) follow. As for (4), it is obvious that
∑
α∈F(∆) 1α is a nonzero element of ker(∂) = H̃d(∆;k) if k

has characteristic 2.
For (3), by the universal coefficient theorem Hd(∆;Z)⊗Z k injects into Hd(∆;k), so (a) ⇒ (b)

follows. The implication (b) ⇒ (c) is obvious. For (c) ⇒ (a), consider w =
∑
β∈F(∆) s(β)1β in

ker(∂) = Hd(∆;k) ⊆ Fd(k) described above. We can consider w as an element of Fd(Z), and doing
so we have that ∂(w) =

∑
µbµ1µ (where the summation runs over the (d− 1)-faces µ ∈ ∆) where

bµ ∈ {−2,0,+2} for all µ since ∆ is a pseudomanifold. Because ∂(w) = 0 in Fd(k) = Fd(Z)⊗Z k and
±2 6= 0 in k, we must have bµ = 0 ∀ µ, so ∂(w) = 0 in Fd−1(Z) and 0 6=w ∈Hd(∆;Z). �

Lemma 2.6. Let ∆ be a d-dimensional connected simplicial complex and assume that k[∆] is Gorenstein
on the punctured spectrum. If ∆ is a pseudomanifold, then ∆ is a k-homology manifold.

Proof. We will show the contrapositive. Suppose that ∆ is not a k-homology manifold. That is, there
exists σ ∈∆ such that σ 6= ∅ and lk∆(σ) is not a k-homology sphere. Since k[lk∆(σ)] is Gorenstein, there
exists a cone point v of lk∆(σ). We fix τ ∈ F(lk∆(σ)) and define π := τ∪σ ∈ F(∆) (note that v ∈ τ⊂ π).
We then define τ ′ := π\{v}. Note that dim(τ ′) = d−1. To show that∆ is not a pseudomanifold, it suffices
to prove that there is exactly one facet of ∆ containing τ ′, namely π. To this goal, take any facet α∈ F(∆)
such that α ⊃ τ ′. Since v /∈ σ, then τ ′ ⊃ σ. It follows that α ⊃ σ. Consequently α \σ ∈ F(lk∆(σ)), so
v ∈ α and thus α⊇ τ ′∪ {v}= π. Because π ∈ F(∆), this implies α= π. �

Remark 2.7. In general, a pseudomanifold, even if it is normal, is not necessarily a k-homology manifold.
In fact, there exists a three-dimensional example ∆ as follows: Let T be the minimal triangulation of the
2-dimensional torus with 7 vertices. Define ∆ as a simplicial complex on the vertex set [9] by ∆ =

(T ∗ {8})∪ (T ∗ {9}). Then it follows that ∆ is a normal pseudomanifold but not a k-homology manifold
because lk∆(8) = T is not a k-homology sphere.

The following is the first proposition that plays a crucial role in proving the main result.

Proposition 2.8. Let ∆ be a d-dimensional connected simplicial complex. If k[∆] is Gorenstein on the
punctured spectrum, then one of the following must hold:
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(a) d6 1;
(b) There exists a cone point of ∆;
(c) ∆ is a k-homology manifold.

Proof. First of all, notice that, since ∆ is connected and Gorenstein on the punctured spectrum, it is
normal, and hence strongly connected. Assume that d> 2 and there is no cone point of ∆. We show (c).
By Lemma 2.6 it is enough to show that ∆ is a pseudomanifold. Suppose the contrary. Then there exists
a face τ ∈ ∆ such that dim(τ) = d−1 and lk∆(τ) does not consist of two distinct vertices. Since lk∆(τ)
is Gorenstein, it must be a single vertex x of ∆. Put π= τ∪ {x}, X := {σ ∈ F(∆) : x /∈ σ} and

δ= dist(τ,X) := min

{
k ∈ N : there exists a sequence π= σ0,σ1, · · · ,σk such that
σk ∈ X, σi ∈ Fd(∆) and |σi∩σi+1|= d−1 for any i= 0, . . . ,k−1

}
.

Observe that X 6= ∅, otherwise x would be a cone point of ∆. Moreover, we have δ is finite because ∆
is strongly connected. Furthermore, we have δ > 2; otherwise, lk∆(τ) would contain more than a single
point.

Take the face α = σδ∩σδ−1∩σδ−2. Note that dimα = d−2. There must exist three vertices u,v,w
of ∆ such that:

σδ = α∪ {v}∪ {w}, σδ−1 = α∪ {w}∪ {x}, and σδ−2 = α∪ {x}∪ {u}.

Then, lk∆(α) contains a path {{v,w}, {w,x}, {x,u}}. Since lk∆(α) is a 1-dimensional Gorenstein sim-
plicial complex that includes {{v,w}, {w,x}, {x,u}}, it must form a cycle. Consequently, there exists a
path {u,y1, . . . ,yk,v} in lk∆(α) connecting v and u such that yi /∈ {x,w} for all i = 1, . . . ,k. Then
ξ= α∪ {u,y1} is a facet of ∆ belonging to X, and σ0,σ1, . . . ,σδ−2,σδ−1 = ξ is such that σδ−1 ∈ X, σi ∈
Fd(∆) and |σi∩σi+1|= d−1 for any i= 0, . . . ,δ−2, contradicting the minimality of δ. �

Corollary 2.9. Let ∆ be a connected simplicial complex with dim(∆) > 2. Assume that k[∆] is not
Gorenstein. If k[∆] is Gorenstein on the punctured spectrum, then ∆ is a k-homology manifold.

Proof. By Proposition 2.8 it is enough to show that there is no cone point of∆. Assume that there is a cone
point v of ∆. Since k[∆] is Gorenstein on the punctured spectrum, it follows that k[lk∆(v)] is Gorenstein.
Consequently, R ∼= k[lk∆(v)][v] is Gorenstein. This yields a contradiction. �

3. THE CANONICAL TRACE OF STANLEY–REISNER RINGS OF HOMOLOGY MANIFOLDS

In this section, we prove Propoition 3.9 by using Gräbe’s structure theorem of canonical modules and
then complete the proofs of our two main theorems, Theorem A and Theorem B. First we recall Gräbe’s
structure theorem for canonical modules of Stanley–Reisner rings.

Let S = k[x1, . . . ,xn] be the polynomial ring over a field k. Let ei ∈ Zn be the ith unit vector of
Zn. We consider the Zn-grading of S defined by degxi = ei. For a Zn-graded S-module M and for
a = (a1, . . . ,an) ∈ Zn, letMa be the graded component ofM of degree a and let s(a) = {i ∈ [n] : ai 6= 0}.

Fix a simplicial complex ∆ of dimension d> 1. Given a face σ ∈∆, one can check (e.g. see [13]) that:

H̃i−|σ|(lk∆(σ);k) ∼=Hi(∆, cost∆(σ);k),
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where on the right hand side we have the relative homology of the pair (∆, cost∆(σ)). Gräbe tells us that
there is an isomorphism of k-vector spaces:

ωK[∆]
∼=

⊕
a∈Nn, s(a)∈∆

Hd
(
∆, cost∆

(
s(a)

))
,

He also tells us which k[∆]-module structure put on the right hand side so that the above isomorphism
becomes an isomorphism of k[∆]-modules: if τ ⊆ σ ∈ ∆ then cost∆(τ) ⊆ cost∆(σ), so there is a natural
map between relative homologies ı∗ :Hd(∆, cost∆(τ))→Hd(∆, cost∆(σ)).

Theorem 3.1 (Gräbe [13]). There exists a following isomorphism as Zn-graded k[∆]-module.

ωK[∆]
∼=

⊕
a∈Nn, s(a)∈∆

Hd
(
∆, cost∆

(
s(a)

))
,(1)

where the ath graded component of the right-hand side is Hd(∆, cost∆(s(a))). Moreover, the multi-
plication structure of the right-hand side determined as follows. The multiplication of xl from the ath
component of the right-hand side of (1) to its (a+ el)th component is the following map

0-map, if s(a+ el) 6∈ ∆,

identity map, if l ∈ s(a) ∈ ∆,

ı∗ :Hd(∆, cost∆(s(a)))→Hd(∆, cost∆(s(a+ el))), otherwise.

In [13], Gräbe describes an embedding of the canonical module into R= k[∆]: first of all,Hd(∆, cost∆σ)
can be embedded into R by∑

aτ1τ ∈Hd(∆, cost∆σ) 7−→
∑

aτxτxσ ∈ R.

Let k(∆) be the ideal of R generated by the images of all Hd(∆, cost∆σ), where σ ∈ ∆. Then ωR is
isomorphic to k(∆) as a Z-graded R-module up to degree shift by [13, Theorem 5]. Note that k(∆)

contains a nonzero divisor because R is generically Gorenstein (see [34, Chapter I, Theorem 12.9]).
We will need the following to prove various results in this section:

Lemma 3.2. Let ∆ be a d-dimensional normal pseudomanifold. We have:

(1) If σ ∈ ∆, dimkHd(∆, cost∆(σ);k)6 1.
(2) If τ ⊆ σ ∈ ∆ and Hd(∆, cost∆(τ);k) 6= 0, then ι∗ : Hd(∆, cost∆(τ);k)→ Hd(∆, cost∆(σ);k) is

an isomorphism. In particular Hd(∆, cost∆(σ);k) ∼=Hd(∆, cost∆(τ);k) ∼= k.

Proof. Point (1) follows at once from Lemma 2.5: Indeed, since ∆ is a normal pseudomanifold, lk∆(σ) is
a pseudomanifold (of dimension d− |σ|), so Hd(∆, cost∆(σ);k) ∼= H̃d−|σ|(lk∆(σ);k) is either 0 or k.

As for (2), Gräbe proved that ι∗ is injective for all τ⊆ σ∈∆whenever∆ is a connected quasi-manifold,
i.e. a normal simplicial complex such that any face of dimension dim∆− 1 is contained in at most two
facets, see Hauptlemma 3.2 in [14]. Since a normal pseudomanifold is a connected quasi-manifold, in the
situation (2), the map ι∗ is an injective map of k-vector spaces, so we conclude using (1). �

Given a simplicial complex ∆ on n vertices of dimension d > 1, call min ⊆ Nn the set of minimal
vectors (componentwise) a ∈ Nn such that [ωk[∆]]a 6= 0, and define ωmin

k[∆] be the k[∆]-submodule of
ωk[∆] generated by [ωk[∆]]a where a ∈min.
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Proposition 3.3. Let ∆ be a d-dimensional normal pseudomanifold and R = k[∆]. Then ωmin
R =ωR. In

particular, if k has characteristic 2,ωR = R[ωR]0 ∼= R.
Considering the Z-grading onωR, if k has characteristic 6= 2 and ∆ is a k-homology manifold,

(1) ∆ is orientable if and only ifωR = R[ωR]0 ∼= R.
(2) ∆ is not orientable if and only ifωR = R[ωR]1.

Proof. This follows at once by the structure theorem of Gräbe, Lemma 2.5 and Lemma 3.2. For the
second part, note that if ∆ is non-orientable and the field k has characteristic different from 2, we have
min = {ei : i= 1, . . . ,n}. �

Proposition 3.4. Let ∆ be a non-k-orientable normal pseudomanifold. Assume that k[∆] is Cohen–
Macaulay. Then we have tr(ωk[∆])⊆M2

k[∆].

Proof. Name R := k[∆], and for all a ∈ Nn such that [ωR]a 6= 0 choose a nonzero vector 1a ∈ [ωR]a. By
Gräbe structure theorem and Lemma 3.2, 1a is a basis of the k-vector space [ωR]a, and if s(a+ ei) ∈ ∆
we have xi ·1a = r ·1a+ei for some 0 6= r ∈ k.

Suppose that tr(ωR) *M2
R. Then there exists an element 0 6= x ∈ tr(ωR)∩R1. Since [ωR]0 = 0 (by

the non-orientability assumption) and HomR(ωR,R) is an Zn-graded R-module, there exist a ∈Nn and a
Zn-graded R-homomorphism φ :ωR→ R such that φ(1a) = xi for some i ∈ [n].

Since the annihilator of xi must be contained in that of 1a, by the structure theorem of Gräbe we get
s(a) = {i}. Moreover, if a 6= ei then φ(1b) (where b = a− ei) would be an element of R that multiplied
by xi gives xi. Hence φ(1b) = 1, which is a contradiction again because the annihilator of 1 should be
contained in that of 1b. So, summarizing, we can assume that there exists a Zn-graded homomorphism
φ :ωR→ R such that φ(1ei) = xi for some i ∈ [n].

Take any xj ∈ lk∆(xi), then there exists a c ∈ k such that φ(1ej) = cxj. For what said above we have
xj1ei = rxi1ej for some 0 6= r ∈ k. Thus we have xixj = φ(xj1ei) = φ(rxi1ej) = rxiφ(1ej) = rcxixj.
Then we obtain c 6= 0 (xixj 6= 0 because xj ∈ lk∆(xi)).

Since ∆, being normal, is in particular connected, we have that φ(1ek) is a nonzero scalar multiple of
xk for any 16 k6 n. Thus tr(ωR) = φ(ωR)(=MR). This contradicts [11, Theorem 2.1]. �

From the above, we obtain the following result, which provides an affirmative answer to [28, Question
4.6] and was the main motivation to write this paper.

Corollary 3.5. Every nearly Gorenstein Stanley–Reisner ring of dimension greater than two is Gorenstein.

Proof. It follows immediately from Corollary 2.9 and Proposition 3.4. Alternatively, it can also be derived
from Corollary 2.9, Proposition 3.3 and Proposition 3.7. �

Remark 3.6. As mentioned in its proof, Corollary 3.5 can also be regarded as a special case of the
following Proposition 3.7 for a more general class of rings. The proof of this proposition in the case of
affine semigroup rings (essentially a standard graded domain) is provided in [26, Proposition 2.3]. Below,
we present a proof for generically Gorenstein rings, which are not necessarily integral domains.

Proposition 3.7. Let R be a Cohen–Macaulay generically Gorenstein standard graded ring. Suppose that
[ωR]−aR contains an R-regular element (e.g., a level ring of positive dimension) and dimk ([ωR]−aR) >

dimk(R1). Then R is Gorenstein if and only if [tr(ωR)]1 contains a nonzero divisor.
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Proof. We may assume that R0 is infinite. If R is Gorenstein, then [tr(ωR)]1 = R1 6= 0 contains a nonzero
divisor. Assume that R is not Gorenstein and there exists a homogeneous element z ∈ [tr(ωR)]1. Put
n = dimk([ωR]−aR) and a = −aR. Then by [29, Proposition 5.15 (2)], the canonical module ωR can
be seen as a homogeneous fractional ideal J of R minimally generated by R-regular elements f1, · · · ,fm,
where m > n. We may assume that f1, · · · ,fn ∈ Ja. Note that tr(ωR) = J · J−1 by [29, Lemma 2.6].
Since z ∈ [tr(ωR)]1, we can write z =

∑m
i=1 figi, where g1, · · · ,gm are homogeneous elements of J−1.

Moreover, we have gi = 0 for any n < i6m because f1, · · · ,fn ∈ Ja are R-regular. Therefore the vector
space V = [J−1]1−a is equal to 1

b〈x1, · · · ,xs〉 where b is a nonzero divisor of R, s is natural number and
x1, · · · ,xs homogeneous elements of R of the same degree, 1−a+deg(b).

Then the vector space V ′ = 〈x1, · · · ,xs〉 contains a nonzero divisor. Otherwise, V ′ is contained in some
associated prime p of R, and so b[tr(ωR)]1R⊆ JV ′ ⊆ p, thus [tr(ωR)]1R⊆ p. This yields a contradiction.
Therefore, there exists an R-regular element yb ∈V , so that yb ·Jmust contain n linearly independent linear
forms of R, hence yb · J⊃MR. So we have n = dimk(R1) and, since R is not Gorenstein, tr(ωR) =

y
b · J.

Thus, R is of Teter type, a contradiction to [11, Theorem 2.1]. �

Remark 3.8. If k has characteristic 2, we can weaken the hypothesis in Corollary 3.5: a Cohen–Macaulay
Stanley–Reisner ring of dimension greater than two is Gorenstein as soon as it is Gorenstein on the punc-
tured spectrum. If k has characteristic not equal to 2, there exist Cohen–Macaulay Stanley–Reisner rings
that are Gorenstein on the punctured spectrum but not nearly Gorenstein. For example, the Stanley–
Reisner ring k[∆] of the minimal triangulation ∆ of the real projective plane is such a case (see [28, Ex-
ample 4.5]). Our next purpose is to compute tr(ωk[∆]) in these situations.

Proposition 3.9. Let ∆ be a non-k-orientable k-homology manifold. Then we have tr(ωk[∆])⊇M2
k[∆].

Proof. Let R= k[∆]. and fix i ∈ [n]. By Lemma 3.2 (2), note that xi : [ωR]ej → [ωR]ei+ej is a surjection
for any j ∈ lk∆(xi). Thus we can choose a set of k-basis {1{k} : k is a vertex of ∆} for [ωR]1 such that xi ·
1{j} = xj ·1{i} holds for any j ∈ lk∆(xi). Let ι :ωR ↪→ R be the natural injection defined in [13, Theorem
5], such that ι(ωR) = k(∆). Notice that k(∆) = R(ι(1{1}), . . . , ι(1{n})). Consider

fi = ι(1{i})+
∑

k is a vertex of ∆ such that k/∈st(i)

x
dim(∆)+1
k .

Then fi is a homogeneous nonzero divisor of R because xafi 6= 0 for any a ∈ Nn such that s(a) ∈ F(∆).
Notice that xi · ι(1{j}) = xj · ι(1{i}) holds for any j ∈ lk∆(xi). Therefore, for any j ∈ [n], we have

x2
i

fi
· ι(1{j}) =

xixj, if j is a vertex of st(i),

0, otherwise.

In particular
x2
i

fi
∈ k(∆)−1. Since tr(ωR) = k(∆) ·k(∆)−1 by [17, Lemma 1.1], we obtain

tr(ωR)⊇ (xixj : j is a vertex of st(i)).

Since i ∈ [n] is arbitrary, we have tr(ωR)⊇
∑
i∈[n](xixj : j is a vertex of st(i)) =M2

R. �

Corollary 3.10. Let ∆ be a non-oriantable k-homology manifold on n vertices. Assume that k[∆] is
Cohen–Macaulay. Then k[∆] is level of Cohen–Macaulay type n. Moreover, we have tr(ωR) =M2

R.
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Proof. It follows from Proposition 3.3, Proposition 3.4 and Proposition 3.9. �

Remark 3.11. In Proposition 3.4, we assume that R is Cohen–Macaulay; however, even in the non-
Cohen–Macaulay case, it follows from the proof above thatωR is generated by [ωR]1 as an R-module and
that tr(ωR)⊇M2

R.

We are now in a position to establish Theorem A and Theorem B.

Proof of Theorem A. First we show (X). It is evident from [17, Lemma 2.1] that the Cohen–Macaulay
ring R= k[∆] is Gorenstein on the punctured spectrum when tr(ωR) =Mi

R for some i ∈ {0,1,2}. Assume
that R is Gorenstein on the punctured spectrum. When dim(∆) 6 1, ∆ is nearly Gorenstein if and only
if it is Gorenstein on the punctured spectrum by [28, Theorem 4.3 (a) and (b)], so if dim∆ 6 1 and is R
Gorenstein on the punctured spectrum, either tr(ωR) = R or tr(ωR) =MR. If dim(∆)> 2, then either R
is Gorenstein or ∆ is a k-homology manifold by Corollary 2.9. Note that, according to Proposition 3.3,
k[∆] is Gorenstein if ∆ is k-orientable. Thus we have either tr(ωR) = R or tr(ωR) = M2

R by Corollary
3.10. Therefore, in each case, it follows that tr(ωR) =Mi

R for some i ∈ {0,1,2}.
Next we show (Y). When dim(∆)> 2, R is nearly Gorenstein if and only if R is Gorenstein by Corollary

3.5. Then we have dim(∆) 6 1, in which case the statement follows from [28, Theorem 4.3 (a) and
(b)]. Lastly, we show (Z). (2) ⇒ (1) follows from Corollary 3.10. Assume that tr(ωR) = M2

R. Since
R is Gorenstein on the punctured spectrum but not nearly Gorenstein, we conclude that dim(∆) > 2.
Otherwise, by [28, Theorem 4.3 (a) and (b)], R would be nearly Gorenstein because it is Gorenstein on the
punctured spectrum, leading to a contradiction. Therefore, ∆ is a non-k-orientable k-homology manifold
by Corollary 2.9 and Proposition 3.3. �

Proof of Theorem B. Concerning (X), if dim(∆)6 1 it follows by [28, Theorem 4.3], when dim(∆)> 2 by
Corollary 2.9 and Proposition 3.3. Lastly, we show (Y). (3)⇔ (4) follows from Theorem A. Notice that
every Stanley–Reisner ring of 0-dimensional simplicial complex is almost Gorenstein. In fact, since it has
minimal multiplicity and is nearly Gorenstein by [28, Theorem 4.3(a)], this follows from [17, Theorem
6.6] (or alternatively from [27, Corollary 4.8(b)]). Thus (4) ⇒ (2) follows from [28, Theorem 4.3 (c)]
(see also [25, Proposition 3.8]). (2) ⇒ (1) is clear. We show that (1) ⇒ (4). It is enough to show that
dim(∆)< 2 by Theorem A. Suppose that dim(∆)> 2. Notice that R is level by Theorem B (X). Thus the
socle degree s(R) of R should be equal to 1 by [27, Theorem 5.1]. At this point, the codimension of R is
equal to its Cohen–Macaulay type. Therefore, by Corollary 2.9 and Proposition 3.3, the codimension of
R equals its embedding dimension. Consequently, we obtain that dim(R) = 0, which contradicts the fact
that dim(R)> 1. �
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Email address, M. Varbaro: varbaro@dima.unige.it


	1. Introduction
	Outline

	2. Stanley–Reisner rings which are Gorenstein on the punctured spectrum
	3. The canonical trace of Stanley–Reisner rings of homology manifolds
	Acknowledgments
	References

