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ABSTRACT. Let (R,m) be a complete local ring, and G = gr,,(R) be its associated graded
ring. We introduce a homogenization technique which allows to relate G to the special
fiber and R to the generic fiber of a “Grébner-like” deformation. Using this technique
we prove sharp results concerning the connectedness of R and G. We also construct
a family of local domains which fail to satisfy Abhyankar’s inequality for the Hilbert-
Samuel multiplicity. However, we prove a version of the inequality which holds when R
is connected in codimension one.

1. INTRODUCTION

Let (R,m, k) be a local ring, and G = @,y m'/m‘*! be its associated graded k-algebra.
In this article we introduce a techique which is inspired by Grébner deformations, and
which plays a fundamental role in relating properties of R and G. More specifically, we
associate G to the special fiber and R to the generic fiber of a deformation with total
space which we call hom(R). For our puroposes, it is crucial that hom(R) is a complete
local ring.

Theorem A (see Theorems 2.8 and 2.12)). Let (R,m,k) be a complete local ring. There

exists a complete local ring hom(R), and non-zero divisor t on hom(R), such that

hom(R)/(t) = G and hom(R) @vpg V() = R @y V(t),
where V.= Xk if R has equal characteristic, while it 1s a complete unramified discrete
valuation ring with residue field k if R has mixed characteristic.

Theorem [A] has several advantages compared to the more classical approaches, such as
the one using the extended Rees algebra. Among others, hom(R) is a complete local ring,
as already mentioned. Moreover, it has a rather concrete description in terms of defining
equations.

In order to obtain Theorem [A] we run into some technical difficulties. For example,
the proof that the completion of R is a domain if and only if hom(R) is a domain (see
Proposition is not as smooth as the analog in the framework of classical Grobner bases
theory. Moreover, the equal and mixed characteristic case need a different treatment,
although both approaches include the case when the ring R has positive characteristic. In
this situation, they turn out to agree (see Remark. In classical Grobner bases theory,
this type of construction has proved itself to be extremely powerful in many regards (see
[DCEP82], BS87, [KS95, [Gre98, KMO05, [CV2()] for just a small selection). We believe that
the one introduced in this article for local rings could have similar useful applications,
and part of this work is committed to studying some of them.

While classical results in the theory of local rings ensure that several desirable prop-
erties such as being reduced, normal, Cohen-Macaulay, Gorenstein, complete intersection
and many others carry over from G to R (for instance, see [CN&I) [AA82 [Fr687]), the
construction of Theorem [A] allows to get information in the other direction. Namely, it
allows to study some properties that pass from R to G. For example, it is well known

that if R is Cohen-Macaulay then G needs not be Cohen-Macaulay. However, we prove
1



2 A. DE STEFANI, M.E. ROSSI, AND M. VARBARO

that in this case G is at least connected in every positive codimension (see Section 3| for
the definition of “connected in codimension s € N”). More precisely we show:

Theorem B (see Theorem [4.10). Let R be a complete local ring and G be its associated
graded ring. Let s > 0 be an integer. If R is connected in codimension s, then G is
connected in codimension s. If G is reduced, then the converse holds true as well.

Theorem (Bl is the analog of certain results in classical Grébner bases theory, which
were inspired by a conjecture of Kredel and Weispfenning [KWS88], and were obtained
in various steps in [KS95, Var09, [ALNBRM22]. We point out that a related result to
Theorem [B| was obtained by Brodmann [Bro86|] in terms of connectedness dimension of
the blowup 7 : Proj(R[mT]) — Spec(R) and its special fiber 7' (V(m)) = Proj(gr,(R)),
using results of [BR86]. Translated to our language, Brodmann’s theorem shows that if R
is connected in codimension s > 0 then G is connected in codimension s+ 1. In particular
the first part of Theorem [B| recovers [Bro86] if s = 0, that is, if R has only one minimal
prime, while it improves it when s > 0. We also obtain results relating the subdimensions
of R and G, proving that sdim(G) > sdim(R) always holds under mild assumptions on R.
Moreover, equality holds if G satisfies Serre’s condition (S;), see Theorem [4.7]

In Section [5] we focus on numerical invariants of local rings. Among these, we con-
sider the Hilbert-Samuel multiplicity e(R) = lim,_,o, d!{g(R/m™)/n%, where d = dim(R).
Recall that e(R) coincides with the multiplicity of its associated graded ring G, that is,
the (normalized) leading coefficient of its Hilbert polynomial. When (R, m) is Cohen-
Macaulay, a celebrated inequality of Abhyankar gives that e(R) > p(m) — dim(R) + 1,
where p(—) denotes the minimal number of generators of a module [Abh67]. For Cohen-
Macaulay standard graded k-algebras Abhyankar’s inequality is trivial, and it is true also
for standard graded k-algebras connected in codimension 1 assuming that k is an alge-
braically closed field (see for instance [Eis05, Proposition 5.2]). One might wonder if this
is still true for local domains; however, this is not the case.

Example C (Example . Let k be a field. There exists a family of 2-dimensional
complete local domains {(Rn, mMn)Inez_,, containing k, with w(m,) =4 and e(R,) = 2 for
all n. Furthermore, each Ry is an isolated singularity and its associated graded ring s
unmixed.

For every n, the associated graded ring of each above local domain R, has two nilpotent
linear forms which are linearly independent over k. If one takes into account the k-
dimension of the space of linear forms that are nilpontent in the associated graded ring,
one gets a version of Abhyankar’s inequality which holds for every local ring which is
connected in codimension one.

Theorem D (Theorem[5.1). Let (R,m) be a complete local ring connected in codimension
one, and assume that R has an algebraically closed residue field. If € = dimy ([Gyeal;), then
e(R) > u(m) —dimR+ 1 — L. Moreover, if G satisfies Serre’s condition (Sy), then the
iequality is strict.

2. GROBNER DEFORMATIONS FOR COMPLETE LOCAL RINGS

In this section we develop the main tool of this article: a “Grobner-deformation” argu-
ment which allows to relate properties of any complete local ring (R, m) with those of its
associated graded ring G. The treatment will be slightly different for rings that contain
a field and rings of mixed characteristic: for the latter, we need to employ a trick which
allows to connect both G and R to a quotient of a single complete unramified regular local
ring of mixed characteristic.
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First we prove some results which are common to both setups. The following notation
will be adopted throughout this section: let (A, ma, ka) be a complete regular local ring
which either contains a field or is unramified, that is, char(A) # char(ka) ¢ m4. Let
T=A[x1,...,xn], m = (x1,...,%y), and consider P : T — T[t] = S the homomorphism
of A-algebras defined by setting x; — x;t. Given 0 # f € T we let m(f) = sup{i | f € m'},
and we set hom(f) = t ™ (f). It follows immediately from the given definition that
hom(fg) = hom(f) hom(g) for all 0 #f,g e T. If I C T is an ideal we let

hom(I) = (hom(f) |0 #AfeI) CS.

Note that, by the very definition of S = A[xy,...,x,][t], any element F € S can be
written uniquely as } i, tt 2_i>o Fi,j for some polynomials Fuj € Alxi,...,xa] = P
which are homogeneous of degree j in the variables x;,...,x, (all the variables of P are
given degree 1, while any element of A is given degree 0).

Definition 2.1. We say that 0 # F € T[t] is t-homogeneous of degree d € Z if, when
written as F =3 ,t' > i, Fij), one has F; =0 for all j #i+d.

We observe that, given 0 # f € T, the element hom(f) € S defined above is t-
homogeneous of degree m(f) by construction. In particular, hom(I) is a t-homogeneous
ideal, that is an ideal of S generated by t-homogeneous elements.

Lemma 2.2. Any F € T[t] =S can be written in a unique way as F =) _,., Fa where Fq
s t-homogeneous of degree d. If ] C S s a t-homogeneous ideal, then the following are
equivalent:

(1) Fe].

(2) Fa €] forall d € Z.

Proof. For the first part, write F = } . t Z]EN Fuj with Fgj) in P homogeneous of
degree j. For all d € Z we set Fq = ZieN tiF(i‘Hd), which is a t-homogeneous element of
degree d of S. The fact that the writing F =} ., Fq is unique is an easy exercise.

Concerning the last part of the statement, first assume (1), and let Fq,...,F, be t-
homogeneous generators of | of degrees dy,...,d, € Z. If F € | write

F=) GF, withGi€S.
i=1

By the previous part each G; can be written as G; = ZdeZ Gi,qa where each Giq is t-
homogeneous of degree d. It follows from the uniqueness of the writing that

Fa=) GiaaF foralldez.
i=1

In particular, Fq € ] for all d € Z.

For the converse implication, assume that Fq € ] for all d € Z. Then G4 = Z—dgjgd F;
belongs to | for all d € N. Notice that (Gq)gey is a Cauchy sequence with respect to the
(X1, ...,%n, t)-adic topology on S, convergent to F. Since any ideal of S is complete with
respect to such topology, we conclude that F € J. [l

Lemma 2.3. Let T and S be as above, and 1 C T be a proper ideal. Then t is a non-zero
divisor on S/ hom(I).

Proof. Let F € S be such that tF € hom(I), so that tF = >} ; G;hom(f;) for some f; € I
and G; € S. By Lemma we may assume that tF is t-homogeneous of degree d € Z,
namely that each G; is t-homogeneous of degree d — m(f;). For every i we can thus write
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G; = Z].eN t'gi; where gi; € P = Alxy,...,%,] is a homogeneous polynomial of degree
d—m(f;) +j. Note that we necessarily have > ! ; gio hom(f;) € (t)S. That is, there must
exist G € S such that

Z Jio hom(fl) =1G.
i=1

On the other hand, if we write G = t°G’ with G’ ¢ (t)S and we set g := Y _._; giofi, then
hom(g) = G’. In particular, G € hom(I). Now we can write

tF =) (Gi— gio) hom(f;) +tG =t (Z <Z gijtj1> hom(f;) + G) :
i=1

i=1 \j>1
Since S is a domain, we obtain that F = 2{11(221 gy~ hom(f;) + G € hom(I), as
desired. 0
Next we want to show that hom(I) is a prime ideal of S whenever I is a prime ideal of
T. The analogous fact for finitely generated A-algebras has a simple proof, but this does
not immediately traslate to our setup. The proof we present is more subtle, and we need
two preparation lemmas. The fist one is well-known, the second one is trickier.

Lemma 2.4. For any ideal I C T there is an isomorphism of A-algebras (T/I)[t] =
T[t]/IT[t].

Proof. If t: T[t] — (T/D)[t] is the natural projection Y fat™— > fat™, it is clear
that IT[t] € Ker(rr). On the other hand, if ) fat™ € Ker(7) then f, € Iforalln € N.
If go = Y i, fit" we thus have that (gy)nen is a Cauchy sequence in T[t] with entries
in IT[t]. Since any ideal of T[t] is complete, then the limit of (gy)nen, i.e. 2 nen fnt™
belongs to IT[t]. So Ker(m) = IT[t], and it follows that 7t : T[t]/IT[t] — (T/D)[t] is an

isomorphism. 0

Lemma 2.5. Let I C T be an ideal. If my = maT+(Xq,...,X,) denotes the maximal ideal
of T, then R = T/1 is a domain if and only if the mR[[t]i-adic completion of R[t] = Si/IS;
18 a domain.

Proof. If the mrR[t]-adic completion of R[t]; is a domain, then R[t]; is a domain as well.
Since t is R[t]-regular by Lemma 2.3 then R[[t] is a domain, and hence R is a domain.

Suppose now that R is a domain. Denote R[t]; by R’, mtR’ = m¢[t]; by m’ and the
m’-adic completion by (/—\) Let R be the normalization of R. Since R is a complete local
domain, R is local [Stal8, Lemma 15.106.2], say with maximal ideal m. In particular,
the ring R[t] is a normal local domain, with maximal ideal m[[t]. Moreover, since R is
complete, hence excellent, R[t] is a finitely generated R’-module. Now, note the ideal m’
is maximal in R’ since R’/m’ = ka[t]s = ka(t) is a field. As the map R’ — R/ is flat, if
we tensor the inclusion R’ < R[t]; with R’ we still have an injective map

R" < R[t] ®r R’ = R[t]s.
It is left to show that the ring on the right-hand-side is in fact the completion of R[t];
at one of its maximal ideals. As such, it will be a normal domain and, in particular, its
subring R’ will be a domain as well.
In order to prove the first claim we will show that the m/R[[t]-toplogy is equivalent to
the m[[t]-topology; note that the latter is a maximal ideal since R[[t],/m[t]; = (R/m)(t)
is a field. To this end, just recall once again that the map R — R is finite and R is local.

It follows that \/mtR =m, and therefore \/ m7R[[t]; = \/ m/R[[t]; = m[t];. O
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Proposition 2.6. Let T and S be as above, and let T' = A'[x1,...,xn] with A’ =

—— mp (t
A(t) M D. Then T’ is the completion of Sy at the ideal n = maS; + (x1,...,%.)St. More-

over, there is an automorphism of A'-algebras y : T — T’ such that y(hom(I)T’) = IT’
for any ideal T C T.

Proof. By Cohen’s structure theorem, we can write A = V[yy,...,y,], where V which is
either a field isomorphic to ka, or a complete discrete valuation domain with uniformizer

—

p and residue field isomorphic to k. Note that S, = (S.), because n is a maximal ideal
of Si. Since the residue field of S, is isomorphic to ka(t), by Cohen’s structure theorem,
and invoking [Mat89 Corollary to Theorem 29.2] in the case of mixed characteristic, we

—

conclude that STn = V'[y1y---yYry X1y ..y X ] /] for some ideal J, and V' = V(]t[)(p) the
p-adic completion of V(t). Finally, by dimension considerations, we have that ] = 0
and thus S, = V'lyry...yye][X1y- .-y Xn]. Finally, note that A’ = V'[ys,...,y,], again
by Cohen’s structure Theorem, and using [Mat89, Corollary to Theorem 29.2] in mixed
characteristic.

Now consider the map y : T — T’ of complete local A’-algebra defined by x; — x;/t.
Since t is a unit it is an automorphism, and by construction it is such that

Y(hom(f)) =v (t_m(ﬂlb(f)) — t_m(f)Y('q)(f)) _ t_m(f]f

for all 0 # f € T. In particular, if f;,...,f, are generators of an ideal I such that
hom(I) = (hom(f;),...,hom(f,)), then

Y(hom(I)T") = (y(hom(fy)),...,y(hom(f,))) T = (f1,...,f,) T =1IT". U

Proposition 2.7. I[f 1 C T = A[xy,...,X,] is a prime ideal, then hom(I) is a prime ideal
of S =TJt].

Proof. Lemma implies that I is prime if and only if IS is prime. Any localization of a
prime ideal at a disjoint multiplicative system is prime, hence IS; is prime. By Proposition
the completion of Sy at the ideal n = maS; + (x1,...,%n)S¢ is isomorphic to T' =

A'[x1y...yxn], where A’ = X{F{)m}\. Again by Proposition we have an isomorphism
T'/IT' = T'/hom(I)T" of A’-algebras, and since IT’ is prime by Lemma[2.5 we conclude
that hom(I)T’ is prime as well. Now, hom(I)S; is prime because its completion hom(I)T’
at n is prime. Since t is a regular element on S/ hom(I) by Lemma , we finally conclude
that hom(I) is prime. d

2.1. Rings of equal characteristic. Let (R,m) be a complete local ring containing
a field, and G = @,y m'/m™*! be its associated graded ring. We recall the general
construction introduced above, and specialize it to this case: by Cohen’s structure the-

orem, we can write R = T/T where T = K[xy,...,x;,] is the formal powers series ring in
n = dimy(m/m?) variables over the field k = R/m and I C (x1,...,X.)%. We can write any
element 0 # f € T uniquely as f = ), fi where f; € P =k[xy,..., %] is a homogeneous

polynomial of degree i. We call in(f) = f(s) where m(f) = min{i € N | f; # 0}. With
this notation, if in(I) = (in(f) | f € I) C P then we have G = P/in(I). Note that, if G,

denotes the homogeneous maximal ideal of G, then G := GS+ is naturally a T-module.
The ideal hom(I) C T[t] introduced before is, in this context of T = A[x,...,x,] with
A =k, generated by all elements of the form

hom (f Z g

i>m(f)

withO#f=Y el
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Theorem 2.8. We have that hom(R) := T[t]/ hom(I) is a flat k[t]-algebra with special

fiber hom(R)/(t) = G and generic fiber hom(R) ®ypyg k(t) =R gk?(]t[), where in both cases
the completion is taken with respect to the extension of m = (X1,...,Xn).

Proof. Since k[t] is a discrete valuation ring, to prove that hom(R) is flat over k[t] it is
enough to see that annyemr)(t) = 0. But this is an immediate consequence of Lemma .
Now, to show the isomorphisms, first consider the evaluation map ¢ : T[t] — T sending
t to 0. One has that Ker(¢p) = (t) and ¢d(hom(I)) = in(I)T. To see the latter, observe
that for any 0 # f € T one has

G(hom(f)) = | Y fitt ™ = fr) = in(f) € T,

i>m(f) =0

and therefore the equality is clear. Thus, we have T[t]/(hom(I) + (t)) = T/in(D)T = G.
For the last isomorphism, if we let T" = k(t)[x1, ..., Xxn], then by Proposition [2.6] we have
that T'/hom(I)T" = T'/IT’ as k(t)-algebras. Using again Proposition [2.6] we conclude
that

————— (X7yeeyXn)
—_— (le-")Xn] ~ T[[t]]t ~ T/ -
hom(R) ®yqq k(t) ~ hom(I), ~ hom(D)T’
— (X],...,Xn)
T/ T(]t[) e (X7yeeyXn)
O = R ®x k(t . -
T~ IT() S ki)

2.2. Rings of mixed characteristic. Let (R,m) be a complete local ring of mixed
characteristic (o, p), with & € {0} U{p™ | n > 1}, and let G be its associated graded ring,
with completion G at its irrelevant maximal ideal G,. By Cohen’s structure theorem
there exists an unramified complete discrete valuation ring (V,pV) of mixed characteristic
(0,p) and an ideal I C V[xy,...,%x,] =t Q such that R = Q/I. Note that we are not
excluding the case in which R is ramified, as we are not assuming that [ C mé. We let
T = Q[x1] = V[x1,...,xn], and we consider the surjective map of complete Q-algebras
m: T — Q such that x; — p. It is clear that (x; —p) = ker(m), so that Q = T/(x; — p).
Given an ideal I C Q, we let

hom(I) = hom (7' (1)),

where hom(—) is the one previously defined and applied to the context of T = A[xq,...,Xu]
with A =V.

Remark 2.9. Observe that x; —p € 7 '(I), and thus x;t —p € hom(I) for any ideal
[CQ.

Now let G be the associated graded ring of R. By definition, it is a standard graded
R/m = k-algebra, which we can write as G = P/in(I) where P = k[xq, X2, ..., Xy] and in(I)
is a homogeneous ideal. It is worth pointing out how the initial ideal in(I) is obtained in
this context or, in other words, how given 0 # f € Q = V[xz,...,%,] one constructs a
homogeneous polynomial in(f) € P, the initial form of f.

Since V is an unramified complete discrete valuation domain with uniformizer p, and
residue field k = V/(p), we can choose a function [—] : k — V, which we call a lift, such
that if p : V — k is the natural projection, one has p o [—] = 1y. In other words, for
every u € k = V/(p) we make a choice of a representative [u] € V which coincides with
u modulo (p). Note that when k is perfect, there is a unique such map which is also
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multiplicative and every element of Im([—]) is a p™ power for every n. Such a map is
often called a Teichmuller lift ([Tei36], [Coh46]).
We can extend any lift [—] to an injective function v : K[x1,...,xn] = V[x1,...,x1] =T

defined as
L< E UgXy"! ---xﬁ“) = E [ugIx{" -+ xqm.
a

a
If p: T — K[x1,...,xq] still denotes the natural projection, we have pot = Ty, .x.J- Note
that ¢ is both additive and multiplicative modulo (p), that is, ((f+g)—((f)+1(g)) € (p)T
and t(fg) — (f)t(g) € (p). Both of these properties follow at once from the fact that p is
a ring homomorphism with ker(p) = (p)T, and that p o ¢ is the identity map.

Now given an element f € Q, we can write it uniquely as ) yn1 AgX3? - - x4 for
Aq € V. Moreover, for every a we can write Aq = ) ;. Aoip’ for an element (Agj)jen €
[ [ Im([—]) which is unique once a lift [—] as above is fixed. Since any such lift [—] is
injective, we can equivalently say that we can write each A\, = Zi cn[Ua;Jp’ for a unique
element (ugj)jen € [ [yk, this time independent of the chosen lift [—]. In other words,
every f € Q can be written as f = ZaEN“ [uglp®x32 - - - x3" for a unique choice of elements
(Ua)aenn € [Tjn k- We now let v(f) = max{j | f € (p,x2,...,%)'}, so that we can write
f =3 v [Uglp®1x)? - - - X8 + Z\hbv(f} [ui]pb‘xlz’2 -+-xfn. With this notation, we have
that in(f) = Z@:vm UgX] X527 - X € Pypy.

Remark 2.10. Note that the writing in(f) = 3 _ ) UaX)' %5 - X" € Pyy) is unique,

while f = 3 [Ualp® X52 - xOm 4+ > bov(f) [uh]pt”xgz -+ -x2 is unique up to the choice
of [-] : k= V.

Remark 2.11. The above writing argument can be adapted to any element f of T, rather
than just of Q. In other words, given any f € T, there exists unique elements v, € k for
¢ € N1 such that

= 3

QGN“+]

Given f € T written as above, we let

fi= Z Wlx{Tx52 - xS € T

QGNT‘*]

Note that this construction will, in general, depend on the chosen lift [—]. However, since
f—f c (p—x1) = ker(n), given any ideal I C Q, one has that f € 7~'(I) if and only
if f € w(I). It follows easily from the definitions that there exists N > 0 such that
hom(f) — tN hom(f) € (p —xit).

Theorem 2.12. Set hom(R) := T[[t]/hom(I). Then t is a non-zero divisor on hom(R),

and hom(R)/(t) = G. Moreover, we have hom(R) ®@vpg V(t) = R (th[), where on the
left-hand side completion is taken with respect to the extension of (pyX1y...,Xn), and on
the right-hand side with respect to the extension of (P, X2y.«..yXn).

Proof. The fact that t is a non-zero divisor on hom(R) is a direct consequence of Lemma
2.3 Consider the T-algebra map ¢ : T[t] — T such that t — 0. We claim that
& (hom(I)) = (¢(in(I)),p)T, so that

hom(R) _ T[t] N T = K[x1y e yxa]

Il

G,

(t)  hom(D) + (t) (t(in(D),p)T — in(Dk[xi,...,xn]
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with k = R/m. To see the claim, recall that hom(I) is defined as hom(m'(I)), where
mm: T — Q is the map sending x; — p. Let f € T be such that n(f) € 1. Since
hom(f) — tNhom(f) € (p — xit) for some N > 0, it suffices to show that ¢(hom(f)) €
(in(I),p)T. Thus, without loss of generality, we may assume that f = f. Let m(f) =
sup{j | g € (x1,%X2y...,%n)'}, and note that our assumptions guarantee that m(f) = sup{j |
f € (p,X1,X2y...,Xn )} =: v(f). We can then write

f= E [ug]xy"x5% - - - xp™ + E [y, x$1x§2--«xn ,

laj=m(f) [bl>m(f)
so that
hom(f) = Y [ugl{'x§2 - xi + ) [uplx]'x5? - xirtml
lal=m(f) BI>m(f)

and ¢p(hom(f)) = 3| . n[Uwaxy'x3% - x5*. On the other hand, from the fact that
m(f) = v(f) we deduce that Zlb\>m )[ub]x]f’xgz---xb“ € (PyX1yX2y vy xn )V We

n
therefore have that 7t(f Z‘a‘ i Wl PEIXG? X mod (py Xz .- ,x%n)"0F1 and thus

Z UgX] X532 - X"
lal=m(f)
This gives ¢ (hom(f)) = t(in(7t(f))) € ((in(I1)),p)T.
Conversely, observe that p € ¢(hom(I)) since p —x;t € hom(I). Now consider an
element f € t(in(I)). Since ¢ is additive and multiplicative modulo (p), it suffices to show
that f € ¢(hom(I)) for any ((f), where f is a homogeneous generator of in(I) of some

degree v. In other words, we can assume that t(f Z‘a‘ _ugxyt - x@ = 1(in(g)) for
some g € I such that g € n’ ~ n"', where n = (p,xz, Xn). As we have

Z UgXy' -oxan | = Z[ug]x?] ceexpt =1,

la|l=v lal=v

this implies that g = Z|a\ _ugdp®x3? x84+ h for some h € n'*. Since g € 1, it
follows that g = > [ualx{"x5? - - xg + h € w (1), and to prove the claimed equa}ity
it thus suffices to show that ¢p(hom(g)) = f. Note that, since h € m"*! we must have h €
(X1,%X2, - - .y X))V, In particular, m(h) > m(g), so that hom(g) Zw_v [Ualx]! - - x8n +
th' for some h' € T[t]. The claim now follows.
—— (p)
For the second isomorphism, if we let V' = V/(t) "and T = V'[x1y...,%n], then by

Proposition we have that T//hom ()T’ = T’/ "(I)T’ as V’-algebras, and it follows
that

—— (‘p,X1 ?"'YXTL)
— (PyX1yeeyXn) T[[t]]t T’ T
h R V(t == = =
om(R) @vpyg V(t) hom (1), hom(DT 7 (DT
o (va27~~1xn]
V/ oo n t — ( X )---»XTL)
~ [[Xb )X]] ~ Q(]D %R@)\/V(]t[)p 2 0

IV/[x2y .. .yxa]  IQ(t)
Remark 2.13. Note that, contrary to the case of equal characteristic, the extension

V[t] — hom(R) is not flat. In fact, note that multiplication by p is injective on V[t]/(t) =
V, but it becomes the zero map when we apply — ®vypy hom(R) because of Remark .

Remark 2.14. If R = Q/I with Q = k[xz,...,%,] and k a field of characteristic p > 0,
one could in principle repeat the construction performed in mixed characteristic, and
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view R as a quotient of T = V[xy,...,%x,]/(x; —p) with V an unramified complete DVR.
However, if t: T — Q denotes the map x; +— p, then since 0 = p € [ one gets that
x1 € (1), and thus (p,x;) € hom(I). It follows that T[t]/hom(I) = Q[t]/hom(I)
gives the same construction as the one described in equal characteristic.

3. SUBDIMENSIONS AND CONNECTEDNESS
Throughout this section, A denotes a Noetherian ring, not necessarily local.

Definition 3.1. The subdimension of A is defined as sdim(A) = min{dim(A/p) | p €
Min(A)}. Similarly, the algebraic subdimension of A is a-sdim(A) = min{dim(A/p) | p €
Assa(A)}. We say that A is equidimensional if sdim(A) = dim(A).

Remark 3.2. By definition, we have a-sdim(A) < sdim(A). Moreover, equality holds if

A has no embedded associated primes (e.g., if A is reduced). On the other hand, note
that dim(A) = max{dim(A/p) | p € Min(A)} = max{dim(A/p) | p € Assa(A)}.

Definition 3.3. Let A be a Noetherian ring of finite Krull dimension d. For every s € N,
I(A) denotes the (finite) simple graph with vertices the minimal prime ideals of A and
edges {p, q} whenever dim (A/(p+¢q)) > d — s (we use the convention that the zero ring
has dimension —oo). The ring A is said to be connected in codimension s if T{(A) is a
connected graph.

Remark 3.4. In the literature, the condition dim (A/(p+q)) > d — s is sometimes
replaced with height(p + q) <'s, c.f. [Har62]. The two definitions coincide if height(I) +
dim(A/I) = dim(A) for any ideal I C A, e.g., if A is catenary and equidimensional. Our
definition adapts better to use the following connectedness result due to Grothendieck
[Gro05, Exposé XIII, Théoreme 2.1].

Theorem 3.5. Let (A,m) be a Noetherian complete local ring, and x € m an element
which 1s not in any minimal prime of A. Then

(1) sdim(A/(x)) > sdim(A) — 1.

(2) If A is connected in codimension s > 0, then so is A/(x).

We collect some basic facts about the graphs T.

Remark 3.6. The graphs Iy, = I(A) form a sequence of graphs on the vertex set Min(A)
such that:
()T €Iy C ... CTy €Ty = Ty2 = ... (in particular, if A is connected in
codimension s then it is connected in codimension s’ for all s” > s).
(i) Ty has only isolated vertices. In particular, A is connected in codimension 0 if and
only if A/\/m is a domain.
(iii) T4y is the complete graph.
(iv) If A is local, then Ty it the complete graph.
The graph T3 is sometimes called the Hochster-Huneke graph of A or the dual graph of
Spec(A). Besides I7, the graph I'y_; is of particular interest when (A, m) is local, as it
detects the connectedness of the punctured spectrum Spec(A) \ {m} (see Proposition [3.7)).

A proof of the following proposition, that uses the convention that the empty set is not
connected, can be found in [BCRV22| Proposition 2.2.4].

Proposition 3.7. Let A be a d-dimensional Noetherian ring. For any s € N the following
are equivalent:

(i) A is connected in codimension s.
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(ii) Spec(A)\ Z is connected for any closed subset Z C Spec(A) with dim(Z) < d—s.

(i4i) dim <m> > d —s for any partition (U, V) of Min(A) with U # 0 # V.

Theorem 3.8. Let (A,m) be a Noetherian complete local ring, x € m be an element that
1s not in any minimal prime of A, and s > 0. If A is connected in codimension s, then
A/(x) is connected in codimension s as well. If (x) is radical, the converse holds true.

Proof. All statements are not affected by passing from A to A/v/0, therefore we may as-
sume that x is regular on A. The first part of the statement is an immediate consequence
of Grothendieck’s connectedness’ theorem [Gro05, Exposé XIII, Théoréme 2.1]. Concern-
ing the second part, the same argument used to prove [ALNBRM22, Theorem 2.11] works:
notice that we do not need the equidimensionality assumption on A because our definition
of the graphs T differs from the one of [ALNBRM22]. We repeat the argument in our
setting for convenience of the reader.

By Proposition we need to show that, given a partition (U, V) of Min(A) with
U # 0 # V we have dim (A/(I+])) > d —s, where [ = ., p and ] = ., p. To this
end, we notice that

(1) INJ+ () =T+ x)N(J+ (x).

Indeed, the above equality holds up to radical, because if f = ay + a;x = by + byx with
a €I, by €], ar,by € A, then f2 = aobo+ (apby +a1bo+ a;byx)x € Iﬂ]—l—(x). Moreover
we have a chain of inclusions:

(X) CINT+(x) C (14 (x)nN CVINT+(x)=1/V(0) =V x).

Since (x) = \/(x_), the inclusion INJ+ (x) C (I+ (x)) N (J + (x)) has to be an equality.

Now we claim that x ¢ p for any p € Assa(A/(I 4+ J)). Notice that, since x & p
for any p € Assa(A) and Assa(A/I) U Assa(A/]) C Assa(A), we have that x & p for
any p € Assa(A/I) U Assa(A/]). This is equivalent to saying that Torf (A/I,A/(x)) =
Tor}(A/]J,A/(x)) = 0. But then, tensoring the short exact sequence

0-A/IN]—=A/IT6A/] -5 A/(I+]) =0
with A/(x) gives rise to the exact sequence
0 — Torf (A/(I4+]), A/ (x)) = A/(INJ+(x)) = A/(I+(x))BA/ (J+(x)) = A/(I+]+(x)) — O.

By equality we infer that Tor}(A/(I+J),A/(x)) = 0, and thus x ¢ p for all p €
Assa(A/(14])).
Denoting by M(p) = Min(p + (x)), we have Min(R/(x)) = Upcrrinia(a/(x) | 4 € M(p)}

Exploiting what we proved so far we can conclude because

(AN A : A
i (37) = () 12 (ﬂpeum(x))mpev(pﬂx))) !

- A/( )
—d :
. (ﬂpeu quM q/ + mpev ﬂqu GI/ )) +
>d—1)—s+1=d-s.

where the last inequality follows by Proposition because A/(x) is connected in codi-
mension S. [
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Remark 3.9. When s = 0, the first part of Theorem [3.§]is easily seen to be false. In fact,
a ring A is connected in codimension 0 if and only if A/ \/m is a domain. The second
part of the statement remains true, because the condition of being a domain deforms.
Notice that, without assuming that (x) is a radical ideal, even if A/(x) is connected in

codimension 0 it may be not true that A is connected in codimension 0: For example, let
A =k[a,b,t]/(a® — tab? a*b — tb?) where k is a field, and x =t € A.

An immediate consequence of Theorem [3.8]is the following:

Corollary 3.10. Let (A,m) be a Noetherian complete local ring, and assume that there
exists an element of m that is not in any minimal prime of A, and that generates a radical
ideal. Then the punctured spectrum Spec(A) \ {m} is connected.

Proof. We may harmlessly replace A with A/v/0 and assume that x is regular on A. Set
d = dim(A). Since A/(x) is a local ring of dimension d — 1, it is trivially connected in
codimension d — 1. By Theorem , since (x) is radical we have that A is also connected
in codimension d—1, and by Proposition this is equivalent to the punctured spectrum
of A being connected. O

We note that Corollary follows also from [Har62, Proposition 2.1] since the as-
sumption that a parameter x generates a radical ideal implies that depth(A/v/0) > 2.

Remark 3.11. In [ALNBRM?22, Theorem 2.11] there is an extra assumption that A is
equidimensional, while the converse direction of Theorem does not require it. This is
because in [ALNBRM22] the graphs I are defined by means of heights of sums of minimal
prime ideals of A rather than in terms of dimensions of quotient rings defined by them

(see Remark [3.4)).

Theorem 3.12. Let (A,m) be a Noetherian complete local ring, and x € m be an element
which is not in any minimal prime of A. If (x) is radical, then for s > 0 we have that
#T(A) = #1(A/(x)), where # denotes the number of connected components.

Proof. Let d = dim(A), and Z;,...,%; be the connected components of T (A). If we
consider
= {Cl/(x) lae | M(P)},
peEL;

then for i = 1,...,t each X/ is a connected subset of I ((A/(x)). In fact, let I =
Mpez, P, so that &y = T5(A/I), which is connected by assumption. Since Min(I + (x)) =
UpeMin(I) M(p), we have that

A A A/(x) ,
n(—2)=r, - =5,
(I + (X)) (mpeMin(I) Naeme) q> (mpeMin(I) Naemp) Cl/(X))

By Theorem we have that T(A/(I + (x))) is connected, and so is X!. Finally, in
order to show that there are no edges connecting X{ and X for i # j, let (U, V’) the
partition of Min(A/(x)) where () # U’ contains the minimal primes in X!, and V' # ()
all the others. Set I' = (), /ey, p’ and J' = [, icy/ b’ If there was an edge between an
element of X{ and an element of X/ for j # i, then we would have dim(A/(x)/(1"+]")) <
(d—1)—s. If welet U = Upezip and V = Min(A) \ U, then by construction we
have that U = {q/(x) | ¢ € M(p),p € U} and V' = {q/(x) | 9 € M(p),p € VL

Moreover, if we let I = (., q and ] = (\,cyq, then /I+ (x) = N,y Ngem(p 9 and
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I' = ﬂpeu ﬂqu(p) q/(x) = /14 (x)/(x). Similarly for J. We therefore have that

A . A
i (157) = ()
A
= dim 1
‘ w+(x)+w+m> "
A

= dim 1
ﬂpeu ﬂqu(p) q + ﬂpev mqu(p) q) *

= dim A/(x) +1
mpeu quM(p) q/(x) + ﬂpev quM(p) q/(x)

. (A/X)
= dlm (I/+J/) + ].
Since L; = I(A/I) is connected, we have that dim(A/(I1+J)) > d —s. It follows that
dim(A/(x)/(I"+7J')) > (d —1) — s, and thus there are no edges between vertices in U’
and vertices in V'. It follows that Z{,...,Z] are the connected components of T(A/(x)),
and the proof is complete. 0

4. CONNECTEDNESS OF THE ASSOCIATED GRADED RING

Let (A,ma,ka) be a complete unramified regular local ring, and Q = A[xq,...,x,].
Let I C T be an ideal, and hom(I) C T[t] =: S be the homogenization defined in Section
2l Tt is immediate to see that if F € S is t-homogeneous of degree d; and G € S is
t-homogeneous of degree d, then FG is t-homogeneous of degree d; + d,. Since every
element F € S can be written uniquely as F = >_ dez Fa for some Fq € S which is t-
homogeneous of degree d, the following is a subring of S:

§={ZFd

N € Z,F4 € S is t-homogeneous of degree d} .
d>N

Consider the map ®: S — T sending t — 1 and x; — x; for alli=1,...,n. Then O is a
surjective ring homomorphism (note that it is not defined on S).

Lemma 4.1. Let © : S — T be as above, and 1 C T be an ideal. Then ®(hom(I)NS) = 1.

Proof. Recall that, for any f € T, the homogenization hom(f) € S is t-homogeneous of
degree m(f). Moreover, since @(hom(f)) = O(t ™M (f)) = f for any f € T, with ) the
map defined in Section , the inclusion I C @(hom(I)NS) is clear. For the other inclusion,
let F=) ;onFa € hom(I)N S, so that we can write F = > i, Gihom(f;) for some f; € 1
and G; € S. If we write G; = > dcz Gia, where each Gi4 € S is t-homogeneous of degree
d, then after setting G; = 2 aonGia € S we still have that F = P G;hom(f;). It
follows that ®(F) = Y_I_, ©(G;)fi € I, as desired. O

Remark 4.2. Let A’ = Adt[)mA(]tD, and set T = Ax1,...,x,] and T" = A'[x1,...,%].
For any ideal I C T we have that dim(T/I) = dim(T’/IT’). Indeed, the natural map
A — A’ is faithfully flat or relative dimension 0, and therefore so are the induced maps
T—T and T/T— T'/IT.

Proposition 4.3. Let 1, ] be two ideals of T = Ax1,...,Xu], and let S = T[t]. We have:
(1) hom(INJ) =hom(I) Nhom(]).
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(2) 1 C ] if and only if hom(I) C hom(]).

(3) height(I) + height,(]) = heightg(hom(I)) + heightg(hom(])).

(4) 1is a prime ideal of T if and only if hom(I) is a prime ideal of T[t].

(5) hom(v/T) = y/hom(I).

(6) There is a 1-1 correspondence between the minimal prime ideals of 1 and those of
hom(I).

(7) Ts(T/1) = T5(S/ hom(I)) for any s € N.

Proof. Let S C S be the subring defined above, together with the ring epimorphism
©:S—>T.

To prove (1), note that the containment hom(INJ) C hom(I)Nhom(]) is trivial. For the
other inclusion take F € hom(I) Nhom(]). Using Lemma[2.2)it is harmless to assume that
F is t-homogeneous of degree d. So F € S, and therefore f := ®(F) € IN] by Lemma, .
Note that we must have d < m(f), and it follows that F = t™? =4 hom(f) € hom(IN7J).

For (2), the forward implication is clear. For the converse, let f € I. Then hom(f) €
hom(I) NS € hom(J) NS. So f = O(hom(f)) € ] by Lemma

———ma(t)

Now we prove (3). Let A’ = A(T) ,and T" = A'[xq,...,%x,]. By Remark we
have that height(I+]) = heightr, ((I+])T’). By Proposition[2.6 there is an automorphism
v : T — T of A’-algebras such that y(hom(I)T’) = IT" and y(hom(]J)T") = JT’. Hence
Y(hom(I)T" + hom(]J)T’) = IT' 4+ JT’, and therefore height,((hom(I) + hom(]))T’) =
heighty,((I 4+ J)T’). Being T’ the completion of S, at its maximal ideal, with n =
maS + (X1,...,%,)S, we have that heightg ((hom(I) + hom(]))S,) = heighty, ((hom(I) +
hom(]))T’). We conclude since heightsn((hom(I)+h0m(]))S ) = heightg(hom(I)+hom(])).

Now to (4), if I C T is prime, then hom(I) C S is prime by Proposition 2.7 On the
other hand, if hom(I) is prime in S, then hom(I) NS is prime in S. Suppose f,g € T are
such that fg € I. Then hom(fg) = hom(f) hom(g) € hom(I)NS, and hom(f), hom(g) € S.
It follows that either hom(f) or hom(g) are in hom(I)N'S. Suppose hom(f) € hom(I)NS.
Then f = ©(hom(f)) € I by Lemma[1.1]

To prove (5), write VI = ﬂpeMinm p. Then using (1) we have hom(v/1) = ﬂpeMin(U hom(p).
Using (4), we get that hom(v/T) is a radical ideal containing hom(I), so hom(v/I) D
v/hom(I). On the other hand, let F be a t homogeneous element of degree d of hom(v/1).
By Lemma we have that f := O(F) € V1. By assumption there exists N € N
such that fN = O(FY) € L Slnce d § m(f)), as already noted, we conclude that
FN = tNMO=d hom(fN) € hom(I), so that F € /hom(I).

In order to show ( ), let p1,y...,pm be the minimal primes of I. By (5) and its proof
we get that y/hom(I) = (;_; hom(p;). Furthermore, hom(p;) is a prime ideal of T[t] for
alli=1,...,s by (4), and hom(p;) € hom(p;) for any i # j by (2). Hence the minimal
primes of hom(I) are hom(p),...,hom(py,).

Finally, (7) follows from (6), (3), and the definition of the graph I after observing that
dim(T/]) = dim(T) — height{(]) for any ideal I C J C T, that dim(S/L) = dim(T) + 1 —
heights(L) for any ideal hom(I) C L C S and that dim(T/I) = dim(S/hom(I)) —1. O

Remark 4.4. Let (R, m,k) be a complete local ring. By Cohen’s structure theorem, we
can write R = Q/I, where either Q = k[x1,...,xn] or Q = V[xa,...,%,], with V an
unramified complete DVR. In the first case, let T = Q and hom(I) C S = T[t]; in the
second, let T = Q[x1] = V[x1,...,x.], S = T[t], and hom(I) C S as defined in Section
. Recall that hom(I) = hom(7r'(I)), so we can still apply the properties of hom(—)
we have just proved also to hom(—). In particular, one can check that all the items of
Proposition can be adapted verbatim to hom(—), with the exception of (3) where a
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correction factor is needed. It can be checked, however, that this correction does not
affect the considerations that follow in this article. Finally, we let hom(R) = S/ hom(I)
in the first case, and hom(R) = S/hom(I) in the second.

We recall the following, see [BCRV22, Lemma 2.1.1]:

Lemma 4.5. Let A be a Noetherian ring and a an ideal of A, for any h € N, the ideal
a-p = {x € A | height(a :n x) > h} is equal to the intersection of the primary components
of a of height at most h.

Proposition 4.6. Let (R,m,k) be a local ring which is the homomorphic image of a
Gorenstein local ring, and G = gr, (R) be its associated graded ring. Then a-sdim(G) <
a-sdim(R).

~

Proof. Notice that a-sdim(R) = a-sdim(R) using [BCRV22, Lemma 2.3.10]. Therefore we
can assume that R is complete, and thus R = Q/I where either Q = k[x1,...,x,], or
Q = V][xz,...,x,] for some unramified complete DVR V with uniformizer p. Either way,
G = P/in(I) where P = k[x1,...,%x,] and in(I) = (in(f) | 0 # f € I) is the initial ideal of
I as recalled earlier in Section Notice that, for any 0 # f € T, in(I :1 f) C in(I) :p in(f).
In particular,

height (I :7 f) = height(in(I :1 f)) < height(in(I) :p in(f)).

It follows that in(I-) C (in(I))sn for all h € N. If e = a-sdim(G), using Lemma 4.5 we
deduce that

in(I) Cin(I.n ) € in(I)spn— = in(I),
and therefore I = I.,,_. Using Lemma[f.5 once again, we obtain that a-sdim(R) >e. O

We recall that a ring A is catenary if, given two prime ideals p C ¢, every strictly
increasing chain of primes between them can be refined to a saturated finite chain, and
all saturated chains between p and q have the same length. Moreover, A is said to be
universally catenary if every finitely generated A-algebra is catenary. Examples of univer-
sally catenary rings include complete local rings, or Cohen-Macaulay rings; furthermore,
any localization of a Noetherian universally catenary ring is universally catenary (e.g., see
[Stal8, Lemma 10.105.4]).

Our next goal is to relate the subdimensions of R and of G using the results on Grobner
deformations established in Section 2] together with Theorem [3.5

Theorem 4.7. Let (R,m) be a universally catenary local ring, and G be ils associated
graded ring. Then sdim(G) > sdim(R). Moreover, sdim(G) = sdim(R) if G satisfies
Serre’s condition (Sy).

~

Proof. Our assumptions on R guarantees that sdim(R) = sdim(R) [BS13, Lemma 19.3.1.
(iv)]. Therefore, we may assume that R is complete. Let hom(R) be defined as in Remark
4.4, By Proposition (3) and (6) we have that sdim(hom(R)) = sdim(R) 4+ 1. Since
hom(R) is a complete local ring, by Theorem we deduce that sdim(hom(R)/(t)) >
sdim(hom(R)) — T = sdim(R). Since G= hom(R)/(t) by Theorems and m, we infer
the first inequality exploiting [BS13, Lemma 19.3.1 (iii)].

If G satisfies (S;), then using Proposition [£.6|and the above inequality we conclude that

sdim(G) = a-sdim(G) < a-sdim(R) < sdim(R) < sdim(G),
forcing equalities everywhere. O

Corollary 4.8. Let (R,m) be a universally catenary local ring, and G be its associated
graded ring. If R is equidimensional, then G s equidimensional. If G is reduced, then the
converse holds true as well.
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Remark 4.9. The fact that if R is equidimensional then so is G was already known
thanks to work of Ratliff [Rat78, Remark (A.11.4) = (A.11.26)].

We now state the main result of this section, relating connectedness properties of R
and G. We recall that a local ring is called analytically irreducible if its completion is a
domain.

Theorem 4.10. Let (R,m) be a local ring, and G be its associated graded ring. Assume
that R/p is analytically irreducible for every p € Min(R). Let s > 0 be an integer. If R is
connected in codimension s, then G is connected in codimension s. If G is reduced, then
the converse holds true as well.

Proof. By [BS13, Lemma 19.3.1 (ii)] we may assume that R is complete. Let hom(R)
be defined as in Remark . By Proposition (7) we have that R is connected in
codimension s if and only if hom(R) is connected in codimension s. Since hom(R) is a
complete local ring and t is regular on hom(R), by Theorem we have that hom(R)/(t)
is connected in codimension s. By Theorems and m we have that hom(R)/(t) = (AS,
and the first inequality follows then from [BS13, Lemma 19.3.1 (i)].

Now note that G is connected in codimension s if and only if G is connected in codimen-
sion s by [BCRV22|, Corollary 2.2.10]. If G is reduced, then (0) = ﬂpeMin(G) p. Note that

by [BCRV22, Lemma 2.2.9] pé is a prime ideal of G for any p € Min(G), and since the
extension G — G is flat, we have that (0) = ﬂpeMm(G) pé. In particular, G= hom(R)/(t)
is reduced and connected in codimension s. By the second part of Theorem 3.8 we have
that hom(R) is connected in codimension s, and we conclude by Proposition (7) that
R is connected in codimension s as well. U

Remark 4.11. We point out that the assumptions on R that we made in [4.7] and
namely, that R is either universally catenary or R/p is analytically irreducible for
all p € Min(R), are trivially satisfied if R is already assumed to be complete. Moreover,
if R is the localization of a non-negatively graded Ry, = k-algebra at the homogeneous
maximal ideal, then it is universally catenary and it satisfies the assumptions of Theorem

[BCRV22, Lemma 2.2.9].

5. BOUNDS ON NUMERICAL INVARIANTS OF LOCAL DOMAINS

Let (R,m) be a local ring of dimension d = dim(R) > 2 and G = gr,(R) denotes
the associated graded ring. We recall that the Hilbert function of R is defined as the
Hilbert function of G, that is HFr(j) = HFg(j) = dimy (m]/m1+1). Then the Hilbert

series HSg(t) = ) ;5 HFc(G)Y = (]h_(gd where h(t) =} ., hit' € Z[t] and d = dim(G) =

dim(R). For i > 0 we set e;(R) := ¢;(G) = %h:] to be the i-th Hilbert coefficient of
the graded algebra G. In particular, eg(R) = e¢(R) = h(1) is the multiplicity. We recall
that, if | is an m-primary ideal, the Hilbert-Samuel function i — £g(R/J’*!) of R coincides
for j > 0 with a polynomial of degree d, namely its Hilbert polynomial:

i2e5) =D’ ) e (T b e,

The integers e;(]) are called Hilbert coefficients of ]. When ] = m we write HPy for HPg .
Observe that e;(m) coincides with e;(R) as defined above; in particular, ep(m) = e(R) is
the multiplicity. Finally, we let 6(R) = HFg(1) — d denote the embedding codimension of
R, that is, the difference between the minimal number of generators of m and its height.

If R is Cohen-Macaulay, several inequalities relating the above invariants are classically
known to hold:
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e (A) e(R) > 8(R) + 1 [Abh6T],
e (N) e1(R) > e(R) — 1 [Nor60],
e (S) e2(R) > e1(R) —e(R) + 1 > 0 [Sal92].

In principle the knowledge on e(R) and e;(R) gives only partial information on the
Hilbert polynomial and asymptotic information on the Hilbert function, nevertheless
equalities in (A) and (N) force G to be Cohen-Macaulay and to have a specific Hilbert
function. If G is also assumed to be Cohen-Macaulay, then h; > 0 for all i > 0.

Some of these inequalities are known to be true also with conditions different from R
being Cohen-Macaulay. For instance, if G is a graded domain over an algebraically closed
field, then (A) is known to hold (for instance, see [Eis05, Proposition 5.2]). This is not
true in general even for local domains, as we will show later. Note that, if R = Q/I for
some regular local ring (Q,mg) and I C mZQ, then 8(R) = height(I), and Abhyankar’s
inequality (A) can be rewritten as e(R) > heightq(I) + 1. Similarly, if we write G = P/]
for ] € P = k[xq,...,xs] a homogeneous ideal containing no linear forms, then 8(R) =
heightp(]) and the inequality becomes e(R) = e(G) > heightp(]) + 1.

Now we show that a variation of (A) holds even just assuming that R is connected in
codimension 1; for instance, if it is a domain.

Theorem 5.1. Let (R,m) be a complete local ring of dimension d, with algebraically
closed residue field k. Write G = P/] for some homogeneous ideal ]| C P = K[x1,...,Xn]
containing no linear forms, and set { = dimy([v/]J];). If R is connected in codimension
one, then

e ¢(R) = 8(R)+1—¢,

e h,(R) > —dX.

Moreover, if G satisfies Serre’s condition (Sq), then the first inequality is strict.

Proof. The condition that | contains no linear forms gives is equivalent to the fact that

heightp(J) = 6(R). If £ = 0 the result follows at once from [DMV19, Theorem 5.6], because

G is connected in codimension 1 by Theorem [4.10] So let us asssume £ > 0 henceforth.
If we set heightp(]) =: h, the condition that J; = 0 gives

m®) = @) = ("7 ) ~dim (1)

Note that h;(G,eq) = h— ¢, and as a consequence we obtain that

ht1
ha(Gred) = ( N ) — dimy(Ly) + dt.
Since | C L, we have that
ht1 ht1
ho(G) + dl = ( ; ) — dim(J) + d¢ > ( ; ) — dimy(Ly) + d€ = T (Grea)-

As h;(G,eq) does not depend on the given presentation as a quotient of P, we may kill the
linear forms contained in L; and assume that the ideal defining G,.q contains no linear
forms. By [DMV19, Theorem 5.6] we conclude that h;(G,eq) > 0, and the second claimed
inequality follows. For the first, note that e(R) = e(G) > e(G,eq). As above, if we choose
a presentation of G,,q for which the defining ideal does not contain linear forms, then
by our assumption its height is h — £. The inequality now follows again from [DMV19,
Theorem 5.6] (see also [EG8&4]).

Finally, assume that G satisfies Serre’s condition (S;). Then every associated prime
of G is minimal, and since G is connected in codimension 1 it is equidimensional, hence
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unmixed. From the associativity formula for multiplicities, we have that

e(G)= ) elG/p)lg,(Gy) > )  e(G/p) =e(Grea)-

pEAss(G) pEAss(G)

To conclude it suffices to show that there exists p € Ass(G) such that £g,(G,) > 1. Since
L; # 0 but J; = 0, and using that all associated primes of G = P/] are minimal, we
conclude that there must exist a primary component q of J such that q; =0 and p = /q
contains a linear form. Let x € p; \ ;. Since q is p-primary, we also have x ¢ qG,, that
is, the inclusions (0) € (x)G, € G, are strict. It follows that £g,(G,) > 2, as desired. [

In [ST97], Srinivas and Trivedi produce a family of ideals {I, }~o inside T = k[x,y, z, W]
(k is any field) such that T/I,, is 2-dimensional, e(T/I,) = 4, and that for odd values of
n is an integral domain. In particular, note that for n > 0 the inequalities (N) and
(S) fail; however, the members of this family still satisfy (A) since height(l,) = 2 for
all n. Moreover, Srinivas and Trivedi show that HP, # HPy , if n # n'. This is in
stark contrast with the graded setup, where Kleiman [Kle71] proved that, for a graded
domain of fixed dimension and multiplicity, there are only finitely many possible Hilbert
functions.

A surprising result in |[GGH"10] characterizes the Cohen-Macaulayness of an unmixed
local ring R in terms of the vanishing of the e;(Q) where Q is a minimal reduction of m. In
particular e;(Q) < 0 always holds, with equality if and only if R is Cohen-Macaulay. An
analogous investigation for the property of being Buchsbaum was discussed by Goto and
Ozeki in [GO10]. The integer e;(Q) was considered by Goto and Nishida as a correction
term in Northcott’s inequality (N), in order to get rid of the assumption that R is Cohen-
Macaulay:

e (GN) &1(R) —e/(Q) = e(R) — 1 [GNO].

In the same setup as [ST97], we produce a family of prime ideals {p,}n~o that still fail
to satisfy (N) and (S), but also do not satisfy (A). In view of Theorem [5.1] the radical
of their initial ideal must contain linear forms. We also prove that the family of local
domains we present satisfies the equality in (GN).

Example 5.2. Let k be any field, T = k[x,y,z,w] and n > 1 be an integer. Consider
the family of ideals

P = (XZ o ZanW, Xy — Zn+1wn+1,y2 _ ZWZTLH,yZn _ XWn),

and let G, = P/in(p,) be the associated graded ring of T/p,, where P = k[X,Y, Z, W].
We claim that for every n > 1:

~

(1) T/py is a 2-dimensional domain with an isolated singularity. Moreover, T/p,
K[st2+1, s20+1¢, 12, 5.
(2) e(T/pn) =2, and e;(T/pn) = 1 —n. In particular, e(T/p,) < height(p,) + 1.
(3) in(pn) = (X3 XY, Y2 YZ™ — XW") is (X, Y)-primary, and G, satisfies Serre’s con-
dition (S] )
(4) If HP,(t) denotes the Hilbert polynomial of G, then HP,, # HP,, if n # n’.
Let n > 1. Let g, be the kernel of the k-algebra homomorphism ¢, : T — k[s, t] sending

2n+1

X = st y— st oz t? wies st

One can directly check that p, C gn. Since g, is a prime ideal of height 2, and the
generators of p, have no common factor, we must have height(p,) = 2. In particular,
n is a minimal prime of p,. Now set J, = (X%, XY, Y%, YZ" — XW™). If we invert Z,
then (Jn)z = (X3, Y — XW"Z™); is a complete intersection. Similarly for W. Thus,
if J,, had any embedded associated prime, it would have to contain /], + (Z,W) =
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(X, Y, Z,W). However, an easy computation shows that ingegreviex(Jn) = (X%, XY, Y2, YZ™M),
which has positive depth. It follows that (X,Y,Z, W) cannot be associated to P/J,, and
thus J,, is unmixed. Since the multiplicity does not change by passing to the initial ideal
Ngegreviex(Jn) = (X3, Y) N (X, Y2, Z™), we have that e(P/J,) = e(P/(X%Y)) = 2. Note that
Jn is not radical but it is unmixed, and because e(P/],) = 2, we conclude that | is a
(X,Y)-primary ideal. In particular, since 1 < e(P/in(p,)) < e(P/Jn) = 2, we conclude
that J, and in(p,) have the same multiplicity, so that e(T/p,) = e(G,) = 2. Note that, as
Jn is unmixed, the equality on multiplicities actually forces ], = in(p,). This also shows
that G,, = P/J, satisfies Serre’s condition (S;), and (3) is proved. For (2), using that the
Hilbert Series of G, does not change by passing to the initial ideal (X%, XY, Y%, YZ"), an
easy calculation shows that

%, where h(t) =142t —t".

It follows that e;(G,) = /(1) = 1 —n, and (2) is proved. Moreover, since e;(G,) =
—n(n + 1), the Hilbert polynomial of G,, is

HSg, (t) =

i42
2

Mm+1)(n—-2)
2 )

HP,(i) = eo(Gn)< ) —e1(G)A+ 1) +eGr) =1+ (M +2)i—

and (3) follows. Finally, for (1), we consider the Jacobian matrix of T/py:

2x y 0 —w"
0 2y z"
_( n+ 1) ZZnW ( ) Z WnH _W2n+1 —ny Zn—]
—zn ] —(n + DzZ¥wh —(2n+ zw™  —nxw™!

The 2-minor corresponding to rows and columns [24]14] is z>™*', and the 2-minor cor-

responding to [13|34] is —w*™1. Thus both z and w are in the radical of the Jacobian
ideal of T/p,, and since they form a full system of parameters it follows that T/p,, has an
isolated singularity. Since G, is unmixed, so is T/p,, and it follows that p, is a prime
ideal. In particular, p, = qn, and thus T/p, = k[st?1, s2v 1, 2, s%].

We now make some further remarks on the family of examples we constructed. We let
R, = T/p,, with maximal ideal m,. Firstly, we observe that if we take a minimal free
resolution of R,, over T

wh y 0 wt 0
z" —X y -z wh
—y 0 —X 0 —z"
—x Zt 1 w  zwht 1 X y
0 T T T T 0,

then by local duality it follows that
lr, (Hy, (Rn)) = &r(Exti(Ra, T)) = &r(T/(x,y, 2", w")) = n.

We remark that the length of H,‘nn(Rn) must be an unbounded function of n in view of
Example and in accordance with [Tri01].
Lastly, regarding the inequality (GN), we show that the family of examples contructed
above is extremal in the sense that it gives equalities in the bound of Goto and Nishida.
Consider the parameter ideal Q = (z,w). Since z is a superficial element, we have that
e1(Q) = e1(Q), where Q = (w) is the image of ] inside R, = R,/(z). Since Q is a minimal
reduction of m,, we have that e;(Q) = eo(Q) = e(R,) = 2. A direct calculation shows
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that for j > 0 one has

R, \ k[x, y, W] o
e ((wj”)) =h ((xz,xwyz,an)wi“) =26+ +m,

and it follows that e;(Q) = —mn. Since €;(R,) = 1 —n and e(R,) = 2, it follows that
e1(Ry) —e1(Q) = e(Ry) — 1, as claimed.

Remark 5.3. In order to produce examples of complete local domains that do not satisfy
(A), the family we exhibit in Example [5.2|is “minimal” in many respects: (A) holds true
for one-dimensional domains as they are Cohen-Macaulay. The assumption that the
height is at least two is clear, as well as the assumption that the multiplicity is at least
two. Moreover, in view of Theorem and the fact that G,, as in the example has no
embedded associated primes, the condition that /in(p,) contains more than one linear
form is also necessary. Finally, observe that G,, is of minimal degree in the sense of [EG84,

Section 3], as one can check that dimy ([ng,y,z,w)(G“)] o) =1 for all n.

The family of prime ideals in Example shows, in particular, that infinitely many
polynomials h(t) € Z[t] can arise as the numerator of the Hilbert series of a local domain
of fixed multiplicity. This cannot happen if the associated graded ring is reduced:

Theorem 5.4. Fix an integer e > 0. There exist constants, depending only on e, bounding
respectively the projective dimension and the Betti numbers of any local ring R = Q/1 of
multiplicity e, connected in codimension 1, with algebraically closed residue field, and
whose associated graded ring is reduced; here (Q,mq) is a regular local ring, possibly
of mized characteristic and ramified, such that 1 C sz (projective dimension and Betti
numbers of R are intended over Q). Also, the set of polynomials h(t) € ZI[t] such that
h(t)/(1 —t)4™® s the Hilbert series of a local ring R connected in codimension 1, with
algebraically closed residue field, of multiplicity e, and such that its associated graded ring
is reduced, is finite.

Proof. Let R = Q/I as in the statement, and let k be its algebraically closed residue field.
Let P = gr,, (Q) = k[x1, .yXn), where n is also the embedding dimension of R because

of the assumptlon IC m . In particular, G = P/J] with ] = in(I) C P a homogeneous ideal
containing no linear forms We have that G is connected in codimension 1, and hence
equidimensional, by Theorem [4.10] Furthermore, ] is a radical ideal not containing any
linear forms. These two conditions, together with the fact that k is algebraically closed,
imply that height(]) < e (e.g. see [Eis05, Proposition 5.2]). By [CCM™19, Theorem 5.2],
there exist constants, depending only on e, bounding respectively the projective dimension
and the Betti numbers (over P) of any such G = P/J. Since projective dimension and
Betti numbers can only increase when passing to the associated graded ring (for instance,
see [Rob81l [RS10) [Sam16]), the first part of the statement follows.

For the part concerning h-polynomials, again by [CCMT19, Theorem 5.2] there ex-
ist constants, depending only on e, bounding respectively the projective dimension, the
Castelnuovo-Mumford regularity and the graded Betti numbers (over P) of any G = P/]
arising as the associated ring of a local ring R as in the statement of the theorem. We
conclude because

(] — t — height(] Zpdlm Zreg [51 1+)
(] _ t)dlm

and, as already pointed out, height(]) < e. Thus there are only finitely many possibilities
for the numerator hg(t) = hg(t) of the Hilbert series of R. O

HSg(t) =
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Remark 5.5. While the finiteness of the set of h-polynomials in Theorem [5.4] even fixing
the dimension, fails by [ST97], or also in view of Example without the assumption
that the associated graded ring is reduced, we do not know examples showing that this
assumption is necessary for the boundedness of the projective dimension and the Betti
numbers. We therefore propose the following question: is there a bound in terms of the
Hilbert-Samuel multiplicity of a complete local domain R = Q/I, with algebraically closed
residue field, for the minimal number of generators of I? And for the projective dimension
of R over Q7 In these questions (Q,mq) is a regular local ring such that I C mé. As a
variant of the questions above one can also fix the Krull dimension of R in addition to the
multiplicity.
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